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ABSTRACT
The nonrandom occurrence of crossovers along a single strand during meiosis can be caused
by
either chromatid interference, crossover interference or both. Although crossover interference has been
consistentlyobservedinalmostallorganismssince
the time of the first linkage studies, chromatid
interference has not been as thoroughly discussed in the literature, and the evidence provided for it is
inconsistent. In this paper withvirtually no restrictions on the nature of crossover interference, we
describe the constraints that follow from the assumption of no chromatid interference for single spore
data. These constraints are necessary consequences of the assumption of no chromatid interference,
but their satisfaction is not sufficient toguarantee no chromatid interference. Models can beconstructed
in which chromatid interference clearly exists but is not detectable with single spore data. We then
extend our analysis to covertetrad data, which permits more powerful tests ofno chromatid interference.
We note that the traditional test of no chromatid interference based on tetrad data does not make full
useof the information provided by the data, and we offer a statistical procedure for testing the no
chromatid interference constraints that does make full use of the data. The procedure is then applied
to data from several organisms. Although
no strong evidence of chromatid interference is found, we do
observe an excess of two-strand double recombinations, i.e., negative chromatid interference.

D

URING meiosis in diploid cells, each chromosome

is paired with its homologue. Then each member
of a given homologous pair duplicates, producing two
identical sister chromatids, so that eachsynapsed paired
structure now consists of a bundle of four homologous
chromatids. Usually oneormore
crossovers occur
among the four chromatids. A crossover is a precise
two
breakage-and-reunioneventoccurringbetween
nonsister chromatids.
In genetic experiments of the kind considered here,
there are two types of data: single spore data,in which
the products of a single meiosis are recovered separately, and tetrad data, in which all four meiotic products are recovered together. In either case the occurrence ofcrossovers cannot be detected
directly but must
be inferred from observed recombination
events. In the
case of single spore data, for each pair of marker loci
a given meiotic product may be scored as recombinant
or nonrecombinant. In the
case of tetrad data, for each
pair of marker loci there are three possible observed
outcomes: parental ditype, nonparental ditype, andtetratype. To make inferences about
crossovers from these
types of data, a model is needed that connects the process of crossing over to
the observed single spore o r
tetrad recombination outcomes.
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The two aspects of crossing over
that are relevant
to the observed recombination outcome are, first, the
distribution of crossoverevents along the bundle of
four chromatids and, second, the selection of pairs of
nonsister chromatids to be involved in each crossover.
We say that there is crossouer intrrrfrrrence if the crossover
points are not randomly distributed along the chromosome, and that there is chromatid interference if it is not
true that any pair of nonsister chromatids
is equally
likely to be involved in any crossover, independent of
which pairs were involved in other crossovers. Chromatid interference is said to be positive if the nonsister
chromatid pair involved in one crossover is less likely
to be involved in another crossover and negative if this
chance is increased, see BAILEY( 1961, p. 1 6 ) . Crossover
intereference was observed shortly after the rediscovery
of Mendel's work and is seen in almost all organisms.
On the other hand the
evidence of chromatid interference is sparse in the literature. It has been reported in
Neurospora crassa by LINDECREN
and LINDEGREN
( 1942 ) ,
in Saccharomyces cmmisiae by HAWTHORNE
and MORTIMER (1960), in Aspergillus nidulans by STRICKIAND
( 1958) andin a few other organisms. The hypothesis of
no chromatid interference implies certain constraints,
discussed below, and in the above studies only a subset
of the constraints are tested to assess the existence of
chromatid interference. Furthermore, in these studies
markers are considered in groups of three,even when
there are more than three markers in the experiment,
and no chromatid interference (NCI)
is tested for each
group. As a result, the actual p value for these multiple
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TABLE 1

parental ditype, one of two distinguishable tetratypes,
or
nonparental ditype, respectively, between JI and . Is,
Different possible observed tetrad types
among three markers
the two tetratypes being distinguishable through the
parental origin of the one (andonly one) meiotic prod(P> P) (P>
(P, T)
N)
uct that has a parental pattern of alleles at the three
markers.
A simple inductive argument similar innature
(T, T)P
(T, T) I
to the reasoning just used leads to the conclusion that
0 , T)R
(T, P)
T)4
(T, N) (T, there are qk-l distinguishable tetrad types among n
1 markers . Il , . le, . . . , I,+, , having tetratypes between
( S , N)
(N, T) (N,
P)
exactly k of the n pairs I , , Jz+l, i = 1, . . . , n , and
P, S and T stand for parental ditype, nonparental ditype
either a parental or a nonparental ditype specified for
and tetratype, respectively.
each of the remaining a - k pairs, This observation can
be used to prove that there are 2
+ ( 3" - 1 ) 2 n - 2
distinguishable tetrad types for unordered tetrad data
tests should be higher than desired. In this paper we
involving n + 1 markers, a fact that is stated without
propose a procedure to test all the constraints simultaproof in SHULTand LINDEGREN
( 1959).A proof is proneously for any number of loci, and we discuss the
vided in the APPENDIX. To keep our notation simple,
choice of the critical value. Some of the data in the
we write p, , i = ( i l i Q * in) for the joint probability of
literature are reanalyzed, and the results are compared
having tetrad type if between
and . I,+,, j = 1, 2, . . . ,
with the previous results.
n , where il = 0, 1, 2 denotes parental ditype, tetratype,
and nonparental ditype, respectively; if if = 1 (correCHARACTERIZATION OF SO
sponding to tetratype) for exactly k > 1 of these interCHROMATID INTERFERENCE
vals, we will use p, ( h ) , h = ( h, , . . . , hk-l) to denote
the probability of the tetrad type uniquely specified by
Single spore data: In single spore recombination data
if there are n 1 markers, . 1 11, 2 ,
. . . , I,,, , involved
( i l , . . . , in) and ( h l , . . . , h k - l ) ,where each hl is 1, 2,
3 o r 4 , j = 1, . . . , k - 1.
in an experiment, then the patternof each observation
Characterization of NCI for single spore data: Ascan be recorded as i = ( ili2* * in), where 4 = 1 when
I, and . I,+, have recombined and 5 = 0 otherwise. It
sume we have n + 1 ordered loci . 11, j2, . . . , . !%+I,
and let 4 denote the interval between I, and . I,+'. As
is easy to see that there are 2" distinct recombination
before, we let pi be the probability of recombination
patterns for single spore data involving n 1 markers.
pattern i = ( i l i p . in) among the loci II, 12, . . . ,
In the following we will use p, to denote the probability
where i, = 1 or 0, depending on whether or not
of recombination pattern i = ( il i2 * * i n ).
there is recombination in 4. Wenow define q 2 , i =
Tetrad data: For some organisms, such as S. cereuisiae
( i l i 2 ** i n ) ,i, = 0 or 1 for all 1 5 j 5 n to be the
(baker's yeast) and N.crassa (red bread mold) , all four
chance of zero crossovers in each of the intervals 6for
products of a single meiosis can be recovered together
which $ = 0 and at least one crossover in each of the
in an unordered tetrad. There are many advantages in
intervals 4 for which = 1. SPEEDet al. (1992) show
using these organisms for genetic analysis. In particular,
that under the assumption of NCI, the following relabecause they allow examination of the distribution of
tionship holds between p = ( p ,) and q = ( qi ) :
crossovers among all four strands, they are well suited
for investigating the possibility of chromatid interfer1
ence. As described above, there are three possible obp i = C -2h.1qh>
h ri
served tetrad patternswhen two marker loci are considered. We let Po, pl and p2 denote the probabilities of
and inverting,
observing parental ditype, tetratype and nonparental
q2 = 2"' x
(-l)(b-t).lph,
ditype, respectively, between a given pair of markers.
/1r
For three markers I [ , l2 and Is, there are three possible tetrad types between 1, and 12, and three between
where h 2 i means that hJ 2 i, for all j , and he i =
l2 and Is, so it seems that there should be 3 X 3 = 9
Cy=, h+,. As a result, they prove that a necessary and
different tetrad types amongthree markers. In fact,
sufficient condition for the existence of a pointprocess
there are 12 distinguishable tetrad types,as we have
model for crossovers that could give rise to a particular
depicted using ordered pair notation in Table 1, with
set of recombination probabilities p under NCI is
( P ,P ) denotingparental ditypebetween
I, and J2
for all i, o 5
(-1) ( h - i ) ' I ~ h .
and l2and I:+, respectively, and similarly for (P, T ) ,
hr
etc. There are seen to be four distinguishable tetrad
The relationship between p and q and the conconfigurations corresponding to tetratypes between II
straints on p under NCI can be reexpressed in tensor
and I2 and J2 and Is, labeled (T, T ) ' , . . . , (T, T ) 4 .
(Kronecker) product notation as follows: write p as a
These correspond to configurations in which we have

+

- -

4

+

+

-

-

-

L

2

Chromatid Interference Analysis
column vector in lexicographical order (last component moving fastest) and likewise q . For instance, in
the three-marker case, write p = (Po,, pol, plo, pIl).
Nowwe define a class of matrices that plays an important role, namely

where €4 is the standard tensor product (see e.g., BELLMAN 1970). For example, in the 2 X 2 case, where
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grouped together into classes according to which joint
tetrad probabilities p they are compatible with on a
given set of loci, i.e., all the processes in a given class
are equivalent in the sense defined above. In the twolocus case any crossover distribution has an equivalent
process in which at most two crossovers can occur between the markers. To see this, given any crossover
process, suppose ( y k ) is the distribution of the number
of crossovers between the two markers. Let

qo

=

ro

q1

=

TI

>

+

('/3

-

4/3(-1/2)k)Tk

+

(-1/2)k)Tk

k r2

then A

q'2

63 B is defined to be the 4 X 4 matrix

=

4

'/9('/2
kz2

q1=0

Then, the relation between p and q can be written as
= R,,q with inverse q = K ' p , and the NCI constraint
on p can be written as R,,"p 2 0.
Characterization of NCI for tetrad data: We now
proceed to derive asimilar relationship and set of constraints for tetrad data
under NCI. First, we give several
definitions to simplify the following discussion. Given
the joint recombination or tetrad
probabilities p =
( p ,) for a set of loci, wesay that a crossover point
process is Compatible with p if, under the assumption
of NCI, it gives rise to these joint probabilities. Two
underlying crossover point processes are said to be
equiualent with respect to a given set of loci if they
are compatible with the same joint recombination or
tetrad probabilities p .
In his 1935 paper, MATHER proved that if k 2 1 crossovers occur between a pair of markers on the fourstrand bundle, then the conditional probabilities PAk),
p l k )and p i k )of observing a tetrad with parental ditype,
tetratype, andnonparental
ditype, respectively, are
given by

p

123.

It is easy to verify that qo, q l , q2 are all non-negative,
and then we can define a new underlying crossover
process in which k crossovers occur between the markers with probability q k , and conditional on the number
of crossovers, their distribution in the interval could be
taken to be, say, uniform. By substituting q for r in ( * ) ,
we find that this new process gives rise to the same &,
and p, as does the original process, ie., they are
equivalent.
The relation between p = ( p ,) and q = ( q k ) is

with inverse

We argue that a necessary and sufficient condition
for there to be some underlying crossover process compatible with a given set of tetrad probabilities is that

p P = ' / 3 ( l/2 + ( - l/2) k ,
F i b ) = 2/9(1 - (-l/2) k ,
p i k ) = l/3(I/2 +
If r = ( T k ) is the distribution of the number of crossovers between the two markers, where is the chance
of exactly k crossovers occurring between the markers,
then

?-,

Po = li,

+

c

l/3(l/2

+

(-1/2)k)Tk

kz2

p1

+

=

'/3(1

- (-'/2)k)Tk

(*)

kr2

p, =

c

1/3(1/2

+

(F1/2Ik)Tk.

k r2

The possible underlying crossover processes can be

To see necessity, suppose there were such a process.
Define q in relation to this process as above ( q in terms
of r ) . Then p and q must satisfy the relation given
above, and because the q's are non-negative, the necessity of the constraint is established. To see sufficiency,
define q in terms of p by the inverse relation given
above. Then the constraint implies that the q's are nonnegative and that the q's sum to 1 because the p ' s do.
Therefore, this is sufficient for q to define a crossover
process in which the chance of k crossovers occurring
between the two markers is q k , and the crossovers are,
say, uniformly distributed in theinterval. This crossover
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process is compatible with p , and so sufficiency of the
constraint is established.
For tetrad data involving three markers, as discussed
before,thereare
12 distinguishable types including
( i l , i2), i , , i2 = 0, 1, 2 and three additional subcells
of ( 1, 1) . Under the assumption of NCI, the four subcells in (1, 1) have equal probabilities, i.e., pll ( 1 ) =
p 1 1 ( 2 ) = p I I ( 3 ) = pll(4) = l/qpll.It can be proved
that for tetrad data involving three markers, for any
underlying crossover process on these two intervals,
there always exists a process equivalent to it with at
most two crossover events in each interval. We let q
= ( qL,,,) denote the joint distribution of the number
of crossover events in the latter process. Let p and q
be the vectors of (pLlt,)and ( qllt,) in lexicographic
order, and write

T,

=

(l
0
0

0
1
0

(l

1%)

0

8 -- - 8 0 1
0

'/4

1

l / j

( n terms).

'/'I

Then under the assumption of NCI, the relation between p and q can be written as p = T2q with inverse
q = TT'p. The characterization of NCI for tetrad data
involving three locifollows naturally from the above
results: for any distribution p = (p,,,) of tetrad data
across three loci, there is an underlying crossover process satisfying NCIthat is compatible with p if and only
ifTF'p 2 0 and p11(1)= p 1 1 ( 2 )= p11(3)= p11(4)
=

I/4p11.

To generalize to tetrad data involving n + 1 markers,
we first divide all the tetrad data into 3" categories labeled i = ( i l i 2* * i , ) , where il can be 0, 1 or 2, corresponding to parental ditype, tetratype or nonparental
ditype, respectively, in the j-th interval. And if, for a
given i , there are k 2 2 tetratypes in the n intervals,
then we can subdivide these tetratype combinations furtherinto 4'"' distinguishable subcategories. We can
denotethe probability of each subcell by p, ( h ) =
pilZ2.
. . , I ( hl , h2,. . . , hk-l ) , where each hl could be 1, 2,
3 or 4.
The properties and characterization of NCI for tetrad
data involving n
1 markers can be summarized as
follows, see the APPENDIX for details. For any underlying
crossover process, there is a crossover process with at
most two events between each consecutive pair of markers that is equivalent to it with respect to the given set
of markers. Under the assumption of NCI, the relation
between the joint distribution of the number of crossovers q = ( qzIz2.
. . ,,J and the tetrad probabilities p =
( ptIc... z,,) can be expressed as p = T,q, and for those
i = ( il i2 * i n ) with i, = 1 for more than one r in { 1,2,
. . . , n},Le., more than one tetratype, all the subcells
defined by the strands involved have equal probability.
Finally, for a given set of joint tetrad probabilities p =
(piIz2..
. J, there is an underlying crossover process satisfying NCI compatible with p if and only if Ti'p 2 0

-

+

and all the subcell probabilities p , (j)are equal in any
cell i with more than one ih = 1.
STATISTICAL, TESTING PROCEDURE

The preceding results characterize NCI in terms of
both single spore and tetrad recombination probabilities. It is thus possible to test for chromatid interference
not only from tetrad data,on which most of the genetic
analysisof chromatid interference is based, but also
from single spore data, although it may be more difficult to detect in that case. Note that the constraints on
p described above are sufficient to ensure the existence
of a crossover process satisfying NCI that is compatible
with p , but for any p there exist crossover processes
compatible with p that do not satisfyNCI.However,
violation of the constraints would certainly imply chromatid interference in the absence of other extenuating
experimental circumstances such as differential viability
of gametes.
In previous analyses of chromatidinterference
based on tetrad data,loci have been analyzed three at
a time. In these studies
only those tetrads having a
tetratype in both intervals are typically considered, and
in those cases the four different recombination patterns are combined into three groups: those in which
the same two strands show recombination in both intervals, known as two-strand doublerecombinants;
those in which two strands recombine in one interval
and the other two recombine in the other
interval,
known as four-strand double recombinants; and the
rest that are called three-strand double recombinants.
Because each nonsister pair has an equal chance of
recombining in the second interval, the ratio of 2:3:4
strand types shouldbe 1:2:1 under NCI. The chisquare test is then used to examine whether the ratio
expected under the assumption
ofNCI is observed.
However, the analysis just described does not make
full use of the data. To do this, one must consider the
full complement of markers at once and
test the linear
inequalities as well as the equiprobability constraints
characterizing NCI.
Using the constraints on the joint
recombination and
tetrad probabilities that characterize NCI, wenow develop some procedures to test whether these constraints
are violated for recombination dataor tetrad data from
multilocus crosses. The likelihood ratio test is a natural
one to use and should have reasonable properties. The
corresponding test statistic is defined by

where x, is the observed frequency of spores or tetrads
with recombination or tetrad type i = ( ili2* * i,) , p
= ( $z ) is the maximum likelihood estimate (MLE) of
p under the NCI constraints and p = ( jt) is the unconstrained MLE of p .

Chromatid Interference Analysis

It is straightforward to prove that the unconstrained
MLE
PI=%'

xi

n

and we turn to the problem of maximizing $12 subject
to the no-chromatid-interference constraints on p , ie.,
of computing the constrained MLE $ of p .
For single-spore data all of the constraints are inequalities except the requirement that thep ' s must sum
to 1. For tetrad data the
constraints consist of both
linear inequalities and equalities. Notice that all the
equality constraints are equiprobability constraints on
the subcells of a cell i = ( i l i p* * * in) for which i, = 1
for more than one r. So ifwe know pi for such a cell,
the probability of each subcell is then determined by
the constraint. Thus for tetrad data, we can first maximize the likelihood as if there were only 3" different
recombinationpatterns
subject to thelinearconstraints. Then the equality constraint allows us to assign
equal probability to each subcell in theappropriate
cells. For example,considertetraddata
with three
markers. We first maximize the likelihood subject to
T;'p 2 0. Supposethe likelihood so constrained is
maximized when p,, =
Then jl1together with
$ , , ( I ) = P l 1 ( 2 ) = p l 1 ( 3 ) = $11(4) = '/4$11 gives the
maximum likelihood estimate of p under the full set
of no-chromatid-interference constraints. Therefore for
both recombination data and tetrad data, we will maximize the likelihood subject to a set of linear inequalities and the condition C pi = 1.
The constrained MLE of p: This optimization problem can be viewed as a special case of the geometric
programming
problem
(DUFFIN
et al. 1967). MAZUMDAR and JEFFERSON (1983) use this technique to
find themaximum likelihood estimates for multinomial
probabilities. The difficulty of the problem increases as
the number of constraints increases. When there are
many constraints, one approachto reducing the degree
of difficulty of this optimization problem is to replace
all the linear inequality constraints by a single such
constraint. PHILLIPS
and BEIGHTL~ER
(1973) g'we a summaryof the so-called surrogate geometric programming
problem. Under certain conditions the solution to this
simplified optimization problem is the same as the original one. COOKE( 1983) applied this technique to maximum likelihood estimation for multinomial probabilities p = ( p , ) when the ( p i ) satisfy a set of linear
inequality constraints. Unfortunately, his algorithm
does not always lead to the correct answer; sometimes,
the solution ( p , ) from his algorithm does not sum to
1. One way to deal with this problem is to replace all
the inequality constraints by a single linear inequality
constraint and use this inequality constraint together
with the equality constraint E pi = 1 as the constraints
for a surrogate program.
The geometric programming approachmakes no use

pI1.

1061

of the implicit structure of the joint probabilities p =
( p ,) . If we think of p as being derived from an underlying unobservable crossover process, we are led to another algorithm. This algorithm may be viewed as an
instance of the EM algorithm ( DEMPSTER
et al. 1977).
Recall that all the constraints are derived from the requirement that the underlyingjoint
crossover probabilities should be non-negative. We may think of unobservable crossover frequencies y = ( yi ) as constituting the
completedata, with parametersthe joint crossover
probabilities q = ( q L ). The incomplete data are then
the observed recombination or tetrad frequencies x =
( xz), with parameters p . Writing p = Cq, we have C =
R,, for recombination data and C = T, for tetrad data.
Using the above notation, the algorithm can be described as follows:

1. Start with some initial estimate q o of q .
2. E-step: Compute the expectation of y conditional
on q and x,

3 . "step: Estimate q k + 'from the expected yk" obtained in the previous E-step,
qf+' = y:+'/ n ,
where n is the number of observations.
4. Repeat until q kconverges.
For the datawe have analyzed, this algorithm converges
very quickly. Because the function is convex in p , the
likelihood in p is increased after each iteration, and p
= Cqk must converge to the global solution.
Estimation of the p value: To have a level-a likelihood ratio test, the critical value c, for the test statistic
T must be chosen as
c, =

maxpEeO
c,,,

where

P, ( T > c,,)

=

a,

and 0,is the set of all p satisfying the NCI constraints.
To determine c,, we must search through the whole
restricted parameter space 00.Note that apart from
the condition that p be a set of multinomial probabilities and so C p, = 1, the other relevant constraints
are inequality constraints that can be written in the
followingformX'(A)=(pEPn:A'p~O),where71(A)
is polyhedral cone in R k . For the definition and some
properties of polyhedral cones, see ROBERTSONet al.
(1988 p.109). If the observation x comes from a multivariate normal distribution, PERL.MAN
( 1969) and RAUBERTAS et al. (1986) discussin detail howtotest
the
hypothesis that the means of this multivariate normal
distribution lie in a polyhedral cone. They showed that
if the likelihood ratio test is used, the critical value is
largest when the multivariate normal distribution has
mean 0 . ROBERTSON
et al. ( 1988 Chapter 5 ) discuss the
properties of the likelihood ratio test statistic when the
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hypothesis puts order restrictions on the multinomial
probabilities. They proved that asymptotically, c.,~ is
largest when all pi are the same.
Under NCI the jointprobabilities ( p , ) lie in the intersection of a hyperplane, E p, = 1, and a polyhedral
cone. For example, for tetrad datainvolving two markers, the constraints are pi 2 0, and
po+p,+P,=1

p0-p220

p1- 2&
4p2

=- 0
2

0.

The last inequality constraint 4& 2 0 can be deleted
because it must be true for any multinomial distribution. Changing the second and third inequalities into
equalities, there is aunique solution ( p o , p l , p2) =
(0.25, 0.50, 0.25) to the three linear equations. This
occurs when the underlying crossover probabilities are
( 4 0 , 41, q2) = (0, 0, 1 ) .
For single spore data and tetrad data the
very last
inequality is always redundant because it has the form
ph 2 0, where h is the last index in the lexicographical
order. Removing this constraint and setting the lefthand side of each remaining inequality equal to 0 gives
a system of linear equations with the same number of
equations as unknowns. It can be shown that po = Cqo
is the unique solution to these equations, where q: =
0 for i f h , 4: = 1, C = R,, for recombination data and
C = T, for tetrad data.
Using arguments similar to those of ROBERTSON
et al.
( 1988 Chapter 5 ) , it is not hardto prove that asymptotically, is
maximized over all p in the constraint region
when p = p o .The exact distribution of the test statistic
Tis not tractable even in the multivariate normal case,
so the distribution must be approximated. We may use
a Monte Carlo method to approximate the distribution
of Tin the following way: If the dataset under study is
ofsize m, then simulate B independent samples, or
versions of the dataset, xl,x p ,. . . , X,, each of size
m , from probability distribution p . For each sample
calculate the likelihood ratio test statistic 7;, i = 1, . . . ,
B. When B is large, the empirical distribution of the T,
is a good approximation to the real distribution of T.
The 1 - a percentile for T can be approximated from
the empirical distribution T t and used as the critical
value (k,p. From the asymptotic result that cn,po is the
largest of all the c.,~ for p satisfying the constraints, the
following testing procedure should yield a level a test.

1. Calculate the likelihood ratio test statistic T for the
observed data ( x, ) .
2. Use the Monte Carlo method to approximate ca,po
as explained above.
3. Reject the hypothesis of no chromatid interference
if T 2 ca,po.

Although using ca,po as the critical value leads to a
level a test asymptotically, simulations suggest it is not
a good choice even when the sample size is m = 1250,
which is quite usual for the data analyzed here. For
example, in the
case of tetrad datainvolving three markers, when qo = (0, * * 0, 1) , the estimated c(l(,5,pois
0.04 from 2000 simulations, and the estimated G,,,,,,~ for
certain other p based on 2000 simulations can be as
large as 0.06. Because the asymptotic result is not valid
even for a sample of size 1250 and a numerical search
for the biggest ca,p would be very time consuming, we
still need a reliable, fast testing procedure that asymptotically is of level a and performs well for medium
sample sizes. When the sample size is large, the maximum likelihood estimate p should be close to the true
parameter p , so instead of searching for thebiggest
over all possible p , we might use as
the critical value
for the test. GEYER(1991 ) proposed the same method
for estimating the critical value for the likelihood ratio
test statistic in the context of isotonic convex logistic
regression.
We have conducted some simulations to assess the
performance of this procedure. For each simulation
1000 independent samples of recombination data,each
with sample size rn = 1000, aregenerated from the
probability distribution p . For each sample we estimate
p by the maximum likelihood estimate p i and calculate
the likelihood ratio test statistic T,. Then 1000 independent samples of recombination data, each with size rn
= 1000 are simulated from p i to estimate the critical
value c.,~~. If the test procedure proposed above works
well, we expect T, > ca,piwith probability a , because
the test is set to be of level a. Three different p's for
tetrad data are used as the true parameter, with three,
four and five markers, respectively. The components of
p are determined by the following rule: p,,,,. . .z,, = 0, if
i, < 2, i2 < 2 , . . . , in < 2 and pili2..
.L,r = c otherwise,
Le., probabilities for all cells i l i 2 . * inwith at least one
ik = 2 are equal, and are 0 if none of ik is 2. Out of
1000 samples, Ti > cngi occurs 51 times when there are
three markers in tetrad data, 4'7 times when there are
four markers and 46 times when there arefive markers.
These results show that in some respect the bootstrap
testing procedure has the expected type-I error rate,
and because the critical value is estimated from the
distribution of likelihood ratio statistic Tat p , this procedure should have more power than the test where a
global maximal critical value is used.

-

TESTING NCIIN

DIFFERENT ORGANISMS

We use thebootstrap
testing procedure to test
whether chromatid interference exists in a number of
previously analyzed datasets. The organisms N . cmassa,
S. cerevisiae, A. nidulans, and Drosophila are treated in
the next four subsections.
N. m s u : In theirexperiments,
LINDECKENand

Chromatid Interference Analysis

LINDEGREN
( 1942) use four intervals across the centromere on the sex chromosome of N. crussa. Intervals I
and I1 are on theleft of the centromere andI11 and IV
on the right. These regions are symmetrically placed
across the centromere. By examining the 2:3:4 strand
ratio in different pairs of adjacent intervals, i.e., the
relative proportions of parental ditypes, tetratypes and
nonparental ditypes across the combined interval, in
tetrads exhibiting tetratype in each of the separate intervals, they conclude that there arelocally specificpatterns of chromatid interference. Among those tetrads
having tetratype in both interval I and IV, the 2:3:4
strand ratio is 15:7:6, showing an excess of two-strand
double recombinants. There is also an excess of twostrand double recombinants for
those tetrads having
tetratype in both intervals I1 and 111, where the 2:3:4
strand ratio is 10:2:1. However, there is no significant
deviation from the expected 1:2:1 ratio forthose tetrads
with tetratype in any other pair of intervals. Ifwe use
the bootstrap testing procedure to analyze the whole
dataset together (sample size 1577), the calculated p
value is <0.01.
STRICKLAND’S
work ( 1961) contains the results from
four experiments, each of which uses the same four
markers (with the same phase) in linkage group V of
N. crussu. He concludes that all Sour crosses show chromatid interference and that the interference pattern
varies from experiment to experiment. There is a significant deficiency of three-strand double recombinants
in the first experiment, and for the other three
experiments an excess of two-strand double recombinants is
observed for adjacent pairs OS intervals, whereas there
is no evidence of chromatid interference in the nonadjacent pair of intervals. When the data from these four
experiments are analyzed by the bootstrap testing procedure, the p values are 0.01, 0.67, 0.55 and 0.73 with
sample sizes of 1802, 1968,2239 and2810, respectively,
so the conclusion based on ourproposed testing procedure is that only the data from thefirst experiment are
statistically significant, rejecting the hypothesis of NCI.
Indeed, in the first experiment among 17 tetrads with
tetratype in two particular intervals, only one of them
is of three-strand type, which shows a substantial deficiency.
In his study, PERKINS(1962) uses six markers within
the right armof linkage group I and observes an excess
of two-strandover four-strand double recombinants.He
takes each pair of intervals alongthechromosome,
counts two-strand and Sour-strand double recombinants
and then adds the numbers of two-strand double recombinants together and the numbers of four-strand
double recombinants togetherto see if there is a statistically significant deviation from the expected 1:1 ratio.
He estimates the p value to be 0.05. The p value estimated from our approach is 0.01 (sample size 1262),
showing statistically significant evidence against the hy-
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pothesis of NCI. There appears to be an excess of twostrand over four-strand double recombinants.
Our method of testing chromatid interference in N.
crassu for data from different sources does not always
give significant evidence against NCI. Among all the
datasets there doesseem to be a consistent interference
pattern, namely, an excess of two-stranddouble recombinants over four-strand doublerecombinants, suggesting some degree of negative chromatid interference
in N. crussu. It also seems that this interference is both
locus specific and experiment specific.
S. cerarisiae: HAWTHORNE and MORTIMER( 1960) analyze chromatid interference in S. cermisiae. Three datasets in their paper give observed tetrad frequencies for
markers in linkage group 111, VI1 and IX. They observe
that thefrequency of two-strand and four-strand double
recombinants is greater than what is expected on the
basis of a 1:2:1 ratio oftwo-, three- and four-strand double recombinants. Our analysis of their three datasets
gives p values of 0.57, 0.01 and 0.83 with sample sizes
of 278, 93 and 213, respectively. In the second experiment, inwhich Sourmarkers were used, the 2:3:4strand
ratio was6:4:10 for tetrads showing tetratype in the
first and third interval and was 1:0:2 for tetrads with
tetratypes in interval I1 and 111. This shows a deficiency
of three-strand double recombinants and an excess of
four-strand over two-strand double recombinants, but
this pattern is not observed in the other two datasets,
where the calculated p values are not significant.
A. niduhm: STNCKLAND
( 1958) analyzes chromatid
interference using three differentcrosses in A . niduluns.
He concludes that there is no disagreement between
the data from his experiment and the expected 1:2:1
ratio for two-, three-, and four-strand double recombinants, althoughhe observes an excessoftwo-strand
double recombinants among the adjacent intervals in
thesecond cross.With some caution hethen uses
WHITEHOUSE’S
( 1973) formulato count the undetected
double crossovers within intervals and shows some evidence of an excess of two-strand double recombinants
over what would be expected under NCI. Using our
method, the estimated p values for the data from his
experiments are 0.33, 0.10 and 0.56 with sample sizes
392,264 and 575, respectively. So if there is any chromatid interference in A . niduluns, it does not seem to be
strongly exhibited in these experiments.
Drosophila: In addition to tetrad data, we have examined two large well-known Drosophila (single spore)
datasets collected by MORGAN et al. (1935)
and
WEINSTEIN
(1936). We have found that the linear inequality constraints that characterize NCI for single
spore data are so rarely violated in these datasets that
we did not see any need to perform a formal test; the
data didnot demonstrateany incompatibility with NCI.
Because we put no restriction on the crossover process
along the bundle of chromatids, evidence against NCI
from single spore data is essentially based on testing if
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the recombination probability is larger than the nonrecombination probability within intervals and if the
chance of recombination increases as the interval is
enlarged. Thus, it is rather difficult to gather evidence
against NCI from single spore databased on ourcharacterization, though WRIGHT(1947) observed that in the
house mouse the factors wv2and sb showed recombination probability with sex of 0.56 and 0.57, respectively.
DISCUSSION

If chromatid interferenceexists, then currentgenetic
mapping methods, which assume no chromatid interference, may not lead to correct genetic maps. Thus, it
is important to make the best possible use of the data
on chromatid interferenceto assess itstrue extent.Note
that chromatid interference is not always observable;
all that we can detect is chromatid interference that
leads to violation of the NCI constraints on multilocus
recombination or tetrad probabilities.
A number of datasets from the literaturewere reanalyzed by our bootstrap testing procedure, and some did
show significant deviation from NCI. An excess of twostrand double recombinants over four-strand double
recombinants, i.e.,
negative
chromatidinterference,
seems to be a common feature of these experiments.
There are some other patterns that might account for
the deviation from NCI, such as a deficiency of threestrand double recombinants, but
overall, there is no
consistent pattern among all these experiments. Our
analysis suggests that when there is chromatid interference, it varies from experimentto experiment and from
organism to organism. This observed effect may be due
to something other than varying chromatid interference, such as differential viability of zygotes.
Constraints for tetrad datacan be separated into two
sets, one consisting of linear inequality constraints and
the other of equality constraints. Some of the equality
constraints have been used extensively in the literature
to examine chromatid interference in different organisms. In the inequality constraints on tetrad probabilities p = ( pz,,2.. . ,,,) , only those pi,.,. . . with i, = 2 for at
least one r, i.e., with at least one interval showing nonparental ditype, actually decrease the left-hand side of the
inequality. Thus, these particular pi are important for
detecting deviation from NCI. If the markers are close
to each other, the observed frequency of any recombination pattern i l i 2 * i , with i, = 2 for at least one r
will be rather small. This is the case for all the tetrad
datasets analyzed above. As a result, these linear inequalities are not often violated because of the limits of
the given sample sizes. Thus, the equality constraints
actuallyplay the central role in our analysis. The inequality constraints will be important for the analysis
ifwe analyze a set of well-separated markers or some
organism such as Schizosaccharomyces pombe that has a
large number of crossovers during meiosis. If the testing

- -

procedure results in a small p value, we can search for
the pattern of chromatid interference, but a
large p
value does not necessarily imply that there is no chromatid interference. When there are many markers in
the experiment and the sample sizeis not large, it is
hard to observe a significant deviation from the expectation under NCI. This is because the numberof possible
patterns increases exponentially with the number of
markers, and hence the expected count for each pattern is very small, so it becomes difficult to distinguish
chromatidinterferencefrom
no chromatidinterference. Grouping the data with respect to some intervals
may be necessary to give the test a reasonable amount
of power.
This work was supported by National Science Foundation grant
DMS-9113527.The authors thankURI LIBERMAN
for his helpful comments.
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APPENDIX

+

Proposition 1: For tetrad data involving n 1 markers, there are 2" ( 3 " - 1 ) 2"-* distinguishable tetrad
patterns.
Proof: There are three possible tetrad types between
each pair of consecutive markers. Among the overall
patterns forwhich the type within every
interval is either
parental or nonparental ditype, there are 2" different
types. For recombination pattern ilip * * in with k intervals having tetratype, there are qk-' different patterns
among the tetratype intervals;seediscussion in text.
There are ( t )ways to choose which k intervals will have
the tetratypes, and there are2 n p k ways to assign parental
and nonparentalditypes to the othern - k intervals. The
number of subcells with at least one tetratype is thus

+

We conclude that the total number of distinguishable
types is
2"

+ ( 3 " - 1)2"-*.

a,12..

and so
=

(I/*(

tion i = ( i l , . . . , im) where 4 = 0, 1 or 2, j = 1, . . . ,
m,with exactly k j ' s such that i, = 1, the 4 k - l probabilities pi ( h ) ,h = ( h l , . . . , h k - l ) , with hj = 1, 2, 3 or 4,
are all equal.
Proof: The proof requires the introduction of a fair
amount of additional notation and for this reason its
details will be omitted. It uses a counting argument
involving an inductive step, similar to that sketched
prior to the definition of p, ( h ). The NCI assumption
enters at the end
in the form of an equiprobability
assumption concerning the strands involvedincrossovers.
Proposition 4 In the caseof tetrad data, for any
underlying crossover process there is a crossover process with at most two events between each consecutive
pair of markers, inducing thesame tetrad probabilities.
Proof: For k 2 1, let c: = 1/3 - 4/3( ', c: =
4/3( '/*
(k ) , ch = e: = 0, and let c: = 1, c i =
0 for k 2 1. Givenany q = ( qElk.. .
the desired q*
= ( q:c.. . i , t ) can be constructed as follows:

+

q"

2,1p.

' '1.

=

x .. .

jlz0 j p 0

Ctle!.

11

12

..

i
c1::41112. 'In

.

jnZO

for i, = 0, 1 or 2, and q?.;..
= 0 if for some r , i, 2 3.
It iseasy to see that q* and q giverise to the same
tetrad probabilities.
Proposition 5: In the tetrad case under the assumption of NCI,the relation between the crossover distribution q = ( qiliy..
and the tetrad probabilities p =
( pili?.. . is p = T,q, and for those i l i Q*
in with i, =
1 for more than one r in 11, 2, . . . , n ) , i.e., more than
one tetratype, all the subcells defined by the strands
involved have equal probability.
Proof: The relation p = T,q can be proved using an
argument similar to that used in the proof of Proposition 2, and equiprobability for the subcells of the relevant cells follows from Proposition 3.
Proposition 6: For a given set of p = ( p i l Z p. . . of
joint tetrad probabilities, there is an underlying crossover process satisfjmg NCI compatible with p , if and
only if Ti'p 2 0 , and all the subcell probabilities
p i l i 2 . ..zn (jl,
j,, . . . ,j k " l ) in a cell i l i 2 . * in with i, = 1
for more than one r, are equal.
Proof: Necessity followsfrom non-negativity ofq and
Proposition 5 . If TL'p 2 0 , we put q = Ti'p, and it
is straightforward to construct a crossover point process
with distribution q that is compatible with p .

-

Proposition 2: Under the assumption of NCI, the
relation between the joint recombination probabilities
p = (p,,, . . . t n ) and theunderlying crossover distribution
q = ( q i l i y . . .c,,) is p = %q.
Proof: Given q = (
. J , let r g = 1, rh = ry =
'/* and r : = I/*. Then

p
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0' $)@.. .@(%(0' :)j

=

%q.

The following proposition uses notation introduced in
the second section of the paper.
Proposition 3: Assume NCI.Then forevery combina-

