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ABSTRACT
In categorical genetic data analysis when the sampling units are classified into an arbitrary number
of distinct classes, sometimes the sample sizemay not belarge enoughto apply large sample
approximations for hypothesis testing purposes. Exact sampling distributions of several statistics are
derived here, using combinatorial approaches parallel to the classical occupancy problem to help
overcome this difficulty. Since the multinomial probabilitiescan be unequal, this situation is described
as a generalized occupancy problem. T h e sampling properties derived areused to examine nonrandomness of occurrence of mutagen-induced mutations across loci, to devise tests of Hardy-Weinberg
proportions of genotype frequencies in the presence of a large number of alleles, and to provide a
global test of gametic phase disequilibrium ofseveral restriction site polymorphisms.

A

NALYSIS of categorical observations constitutes
one of the principal ways of handling genetic
data (WEIR1990). In such analyses, hypothesis testing
regarding specific genetic models generally proceeds
by comparingtheobservedfrequencies
in samples
with the ones that are expected under model.
the
The
computation of expectedfrequenciesrequires
estimation of parameters. Therefore, the choice of estimation procedures and consideration of appropriate
statistics both play significant roles in hypothesis testing involving categorical data. Tests of nonrandomness of mutagen-induced mutations across loci (HANASH et al. 1988), tests of Hardy-Weinberg equilibrium
in the presence of a large number of alleles in samples
of comparatively moderate sizes (LEVENE 1949;Guo
and THOMPSON
1992)and global tests of gametic
phase disequilibria within adefined DNA segment
(BLANTON
and CHAKRAVARTI 1987) are
examples of
populationgeneticquestionswhere
such situations
arise.
Generally Monte Carlo methods of simulation are
adopted to ameliorate theproblems of inadequacy of
sample sizes, as evidenced in these publications. In
this paper, a more complete solution is given using a
combinatorial approach.Since the approachused here
emerges from the combinatoricsof the classical occupancy problem (FELLER1968), I call this class of
problems generalized occupancy problems in population
genetics.
FORMULATIONOF THE GENERALIZED
OCCUPANCY PROBLEM

We considera
multinomial distribution with K
classes (K can be arbitrarily large), with class probaGenetics 1 3 4 953-958 (July, 1993)

bilities represented by the vector a’ = (TI,a2, . . .,
aK).Obviously, the elements of a form a simplex on a
K-dimensional space satisfying
K

0 < a1< 1,

a, =
(1)1.
i= I

When a random sample (with replacement) of size n
is drawn from such a distribution, several characteristics ofthe sample size are of interest; e.g., the number
of classes represented in the sample, the number of
classes represented with a specified number of sampling units in each of these classes, and the sampling
distributions of such variables. Denote the observed
number of classes that are represented in the sample
by X. Before attempting tosolve the problem,we note
two interesting properties of the random variable X.
First, when all ai’sare equal (at= 1/K for all i), but
the number of classes, K , is unknown, ARNOLDand
BEAVER (1 988)
showed that X is a sufficient statistic
for the parameter K , and its sampling distribution is
given by

for m = 1, 2, . . ., ( K , n ) , where SLm)is a Stirling number
of the second kind (ABRAMOWITZ
and STECUN 1965).
This is the case of the classical occupancy problem.
Second, in the general case of unknown unequal
ai’s,butthenumber
of classes (K)is known, the
expectation and variance of X can be derived using
the indicator variable approach (EMICH1983, CHAKRABORTY, SMOUSE
and NEEL1988), without specifying
the complete distribution of X . For this we define K
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indicator variables, Y1,

Yl =

1'

Y2,

. . ., YK,so that

1 if the ith class is unobserved in the sample,
0 otherwise.
K

For sampling with replacement, the following formulas hold:

pi

- rJn,

= Prob.(Ai) = ( 1

= Prob.(AiAl) = (1

With Y =
Y,, w e have X = K - Y , and hence, the
expectation of X is
~

PtJk

(Sa)

- T , - ~j)",

= Prob.(AiAjAk) = (1

-

H,

(9b)

- T, - TA)", (9c)

K

E(X) = K -

etc., for all i # j # k = 1 , 2, . . ., K.
Following FELLER(1968, p. 9 9 ) , we definea
quence of summations { T I ,T2, . . ., TKI where

E(YJ
I=

1

K

=K

-

(1 -

H,)".

l= 1

K

i= 1

i j

etc.

i l k

(t)

Since Y,'s are Bernoulli variables,

-(1 -

HiY],

TK = Prob.(A1A2... A K ) = PI23 . . . K ,

and
Cov(Y&) = (1 - a, -

CC p y , T J = CCC p t j k ,

where the summations are taken such that 1 i C j
k < . . . < K, so that each combination appears once
and only once; hence, the summation T , ( 1 G r G K)
contains
terms. The last term, TK reduces to only
one term.

+ C C COV(Yi,yj).
i#j= 1

V(Yi) = ( 1 - .i)"[l

T Z=

1

K K

V(Y1)

pi,

TI=

Furthermore, the variance of X is given by

V(x) = V(Y) =

se-

which is the probability of simultaneous occurrences
of all K events A I through AK. Clearly, TK = 0 , and
furthermore,

HJ)"

- ( 1 - Ti)"(1

-

Tj)".
K

TK-1 =

Substituting into Equation 4, we obtain
K

( 1 - T,)"-[l - C ( 1 -

V(x) =

K K
T,)"]

T K -=
~

i=1

CC

(

~

j<l=l

K K

+ C C (1 - Hi -

TK-3 =

C 22

z

(Hi

k>j>i=l

When n is large, and each ai small, we may approximate each term of the formulas (3) and (7) by
(1 - ~ i )e-"":
~ and ( 1 - p i - rjY =: e-n(rz+"J),so that
the variance of X can be approximated by

=

+ TJ)",

K K K

HjY.

i#j= 1

V(x)

( 1Oa)

T:,
i=1

e-"*(l - e-"",),

(1 0 4

etc.
Applying FELLER'S
theorem (FELLER1 9 6 8 , p. 1 0 6 ) ,
we obtain
P[K-m)

K

+ rj + a k ) n ,

( 1Ob)

= Prob.(X = K

- m ) = Prob.(Y = m) ( 1 1)

(8)

i= 1

as shown in CHAKRABORTY,
SMOUSEand NEEL( 1 9 8 8 ) .
Formula (7) is, however, exact, and not difficult to
compute numerically even if the number of classes is
large.
COMBINATORIALSOLUTIONOFTHE
PROBABILITYFUNCTION OF X

Instead of working with the variable X , the observed
number of nonempty classes, it is easier to work with
its complement, Y = K - X, the number of classes not
represented in the sample. Let Ai be the event that
the ith class (i = 1 , 2, . . ., K ) is not represented in the
sample. The Ai's are not exclusive of each other, since
there can be sample configurations where more than
one class frequencies can be simultaneously zero.

for K - min(K,n) < m < K - 1 , giving the sampling
distribution of X , the number of nonempty classes in
a sample ofsize n. Note that in Equation 1 1 , To is
conventionally defined as unity [see also FELLER
( 1 96S)l.
Algebraic simplifications of the standard binomial
expansion establish that the Equations 3 and 7 are
compatible with the probability function (1 I ) , resulting in E(X) = K - T I ,and V(X) = T l ( 1 - T I ) + T2.
Similar computational logic also yieldsthe rthfactorial
moment of Y, /q,l(Y), given by
p[,](Y) = E[Y(Y - 1) . . . (Y

-T

+ l)] = r!.T,,

(12)

for any r 3 1, giving the complete characterization of
the probability function ( 1 1 )through its moments.

Generalized Occupancy Problem
When all

T,'S are

equal ( i e . , ~i = 1/K for all i),

T1 = K [ ( K - l)/K]",
and
T2 = K(K - l)*[(K- 2)/K]"/2,
and hence

E ( X ) = K[1

- {(K -

l)/K]"]
(13)

and

V ( X ) = K . { ( K - l)/K)".[l - K . ( ( K - l)/K}"](14)
K(K - 1).{ ( K - 2 ) / K } " ,

+

which are derived in ARNOLD and
BEAVER (1988).
Further,

so that the probability function (1 1) reducesto

invoking the definition of a Stirling number of the
second kind (ABRAMOWITZ
and STECUN1965, p. 824).
Therefore,the abovederivations show thatthe
sampling distribution of thenumber
of observed
classes in a finite sample can be analytically specified
for any arbitrary multinomial distribution. This generalizes the solution of ARNOLD and
BEAVER (1988).
The algebraic solutions of other relevantrandom
variables (e.g., thenumber of classes containinga
specified number of sampling units within each of
them) are also similar.
APPLICATIONS

Three applications of this generalized occupancy
problem may be considered to show the utility of this
theory.
Are mutagen-induced mutations equallylikely to
occur at all loci? HANASH
et al. (1988) demonstrated
that somatic cell gene mutations altering protein structure do not occur with equal probability at allloci
when cultured human lymphoblastoid cell lines are
treated with mutagens like ethylnitrosourea. T o show
this, they used the technique of two-dimensional polyacrylamide gel electrophoresis, and found 65 mutants
occurring at 49 of the 263 loci scored in their experiments. T h e locus-specific distributions of the mutation frequencies in their work were: threemutants
observed at each of five loci ( n l = . . . = n5 = 3 ) , two
mutants at each of six loci (n6 = . . . = rill = 2), and
one mutant at each of 38 loci (n12= . . . = n49 = 1).
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N o mutation was detected at each of the remaining
214 loci (n50= . . . = n263 = 0). The null hypothesis
to be tested is Ho: {a,= the probability of mutation
occurring at the ithlocus = 1/K = 1/263, forall i). In
their work, the authors defined the concept of "repeat"mutations ( R ) , notingthat16mutations
occurred at loci each of which contained already one
mutation ( i e . , R = n - X , where X is the number of
loci containing at least one mutant). Under the null
hypothesis of equiprobable
mutation
frequencies
across loci, the number of "repeat" mutations should
be small, since K = 263 is much larger than thesample
size n = 65. Through simulations, they determined
that the probability of 16 or more "repeat" mutants is
below 0.0005, and hencethey conclude that mutageninduced mutations are not equally likely to occur at
all loci.
The theory described above provides a complete
analytical solution. With K = 263, n = 65, from the
probability function (1 l ) , we have P(l < X < 49) =
0.0001, under the null hypothesis Ho, suggesting that
the qualitative conclusions of HANASH
et al. (1988) is
the same as the one obtainedby the present analytical
solution.
Since under the null hypothesis HotX is a sufficient
statistic for K , it is of interest to check if the exact
distribution (1 1) of X can be approximated by a normal distribution. Using Equations 3 and 7, under H,,
we have E ( X ) = 57.687 and V ( X ) = 5.289, yielding a
normaldeviate z = -3.78for
X = 49.Although,
P(X < 49) becomes 0.00008, somewhat smaller than
the analytical solution, the normal approximation for
the distribution of X appears adequate for thesample
size of this experiment.
Test of Hardy-Weinbergexpectation based on the
observed numbers of distinct genotypes in a finite
sample: The present approach can also be used to
design conditional tests for Hardy-Weinberg expectation (HWE) of genotypic distribution given the allele
frequencies in a sample. Generally, this is done by
either a likelihood ratio test or a goodness of fit chisquaretest,contrastingtheobservedandexpected
frequencies of all possible genotypes (WEIR1990; Guo
and THOMSON
1992). However, there are occasions
when the number of alleles is so large that many of
the genotypes are either not observed in a sample, or
the observed frequencies of several genotypes are so
small that the large sample approximation of these
test statistics is unwarranted. The recently discovered
V N T R polymorphisms provide examples of this nature, where the number of possible alleles ( K ) are
often so largethat no reasonably sized survey can
encompass all possible genotypes [ K ( K 1)/2] in any
given sample. One might ask, what would bethe
conditionaldistribution of thenumbers of distinct
genotypes (of homozygote and heterozygote types,

+
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FIGURE1 .-The sampling distributions of the
number of distinct homozygote (a) and heterozygote (b) genotypes at the DlS76 VNTR locus in a
sample of 35 individuals from Papua New Guinea
(DEKA, CHAKRABORTYFERRELL
and
1990) under
the assumption of Hardy-Weinberg equilibrium
frequencies of genotypic proportions. The histograms are exact computations (Equation 1 1 ) conditioned on the observed allele frequencies, and
the smooth curves are the normal approximations
based on mean and variance, given in Equations 3
and 7 . The arrows indicate the observed numbers
of distinct homozygote (4) and heterozygote genotypes ( 7 ) found in the sample.

No. of
Homozygote
Genotypes

No. of
Heterozygote
Genotypes

separately) given the observed allele frequencies in a
sample of n individuals? Under HWE the genotypic
probabilities are: p' for homozygotes and 2p#, for
heterozygotes, where pi represents the allele frequenciesin the population, andhence, we can use the
above analytical formulation tocomputetheexact
distributions of the distinct numbers of homozygote
and heterozygote genotypes seen in a sample.
Figure 1 shows a numerical example of such computations. DEKA,CHAKRABORTY
and FERRELL
( 1 99 1)
recently surveyed the New Guineapopulationfor
VNTR polymorphisms at six loci.At the DlS76locus,
they discovered 6 alleles in a sample of 35 individuals.
Gene counting showed that in the sample of 70 genes
at this locus, the allele counts of these 6 alleles are 1,
3, 7 , 9, 25 and 25. In total they observed 20 heterozygous individuals (consisting of 7 distinct genotypes).
However, under the HWE assumption, the expected
frequency of heterozygotesfromtheabove
allele
counts is 25.4, showing a significant deficiency of
heterozygotes ( P < 0.05, by the traditional chi-square
test with 1 d.f.). Since the observed numbers of distinct homozygote and heterozygote genotypesin their
sample were 4 and 7, respectively, we can ask if these
observations deviatefromtheir
respective expectations under the HWE assumption, conditional upon
the observed allele frequency distribution in the sample. Figure l a shows theexactdistribution
of the
observed number of distinct homozygote genotypes
(drawn as a histogram) and Figure 1 b gives the same
forthe observed number of distinct heterozygote
genotypes, under the HWE assumption conditioned
on the observed allele frequencies. The arrows represent the observed statistics. Clearly, the observed
number of distinct homozygote genotypes ( m = 4) is
not at variance with the HWE assumption, since the

probability of observing 4 or more distinct homozygote genotypes is 0.41 1. Under HWE the probability
of observing 7 or less distinct heterozygote genotypes
is 0.017, suggesting that a significant deficiency is
observed in the total number of heterozygotes as well
as in the number of distinct heterozygote genotypes.
From Equations 3 and 7, the mean and variance of
the number of distinct genotypes were computed as
3.329 and0.578forthe
homozygotes, and 10.106
and 1.652for the heterozygotegenotypes, respectively. The expected distributionsunder thenormality
approximation are also shown by the smooth curves
in both panels of Figure 1. T h e normal approximation
is fairly adequate for the distribution of distinct heterozygote genotypes, while it is not so for the homozygotes because of the narrow range of variation in
the number of distinct homozygote genotypes. Under
the normality approximation, the normal deviate corresponding to observing 7 or less distinct heterozygote
genotypes is z = -2.41, with a P value of 0.008, which
is smaller than the exact P value, but does not alter
the qualitative inference with regard to thevalidity of
HWE.
Global test of disequilibrium based on multiplelocus haplotypedata: Consider the haplotypefrequency data surveyed by WAINSCOATet al. (1986) at
the @-globingene cluster detectedby five polymorphic
restriction sites, at each of which there are t w o segregating alleles. This results in 25 = 32 possible haplotypes at this generegion,but
in a sample of 55
chromosomes sampled from a Polynesian population,
these authors found only 5 observed haplotypes (see
Table 1 of WAINSCOATet al. 1986). One might ask,
what is the expected distribution of the number of
haplotypes given that these five sites are independently segregating? Figure 2 shows the exact distribu-

Occupancy

Generalized

i
Number of Haplotypes
FIGURE2.-The sampling distribution of the number of DNA
haplotypes at the &globin gene cluster, definedby 5 restriction site
polymorphisms (WAINSCOATet ai. 1986), in a sample of 55 chromosomes from a Polynesian population under the assumption of
complete linkage equilibrium. The histogram is the exact distribution based on Equation 1 1 andthesmooth
curve isits normal
approximation based on mean and variance given by Equations 3
and 7 . The arrow indicates the observed number of 5 different
haplotypes found in the sample.

tion (represented by a histogram), following Equation
11,wheretheexpectedhaplotypefrequenciesare
assumed to follow the independent segregation rule.
Clearly, almost the entire distribution is to the right
of the observed number ( m = 5) of haplotypes, giving
a small probability of observing 5 or less haplotypes
(P <
suggesting that
the observed number of
haplotypes is incompatible with the assumption of
independent segregation. Under independent segregation, the expected mean and variance of the observed number of haplotypes in a sample of 55 chromosomes are11.059and2.477,
respectively. The
normal approximation of the sampling distribution is
again shown by the smooth curve of Figure 2. The
normal approximation appears satisfactory; the normal deviate corresponding to the observed number5
is z = -3.85, giving a P value of 0.00006, somewhat
larger than the exactP value, but does not changethe
inference regarding gametic phase disequilibrium.
DISCUSSION

The analytical theory presented here, along
with
the specific applications, indicate that the generalized
occupancy problem has a number of possible applications in population genetics. This is particularly true
in the contextof sparse data, whereby the very nature
of the problem, the exact sampling distribution must
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be evaluated and no adequate large sample approximation is available. This theory enables comparison
of occurrences of several biological endpoints in cross
survey comparisons, adjusting for sample size differences, as shown in CHAKRABORTY,
SMOUSE
and NEEL
( 1 988a).
T h e consideration of observed number of classes
raise the possibility of some loss of information, since
the frequencies of the different observed categories
do notenterintothe
present analysis. GUO and
THOMPSON
(1 992), for example, developed asimulation-based exact test procedure for testing HWE that
utilizes frequencies of all genotypes observed. However, when the number of categories is large compared to the sample size, most of the observed categories are likely to have one or a few sample points in
them and such loss of information may not be critical.
The application of the theory presented here (see
e.g., formulas 3, 7 and 11) requires the knowledge of
the parameters ( r i ' s ) , and all numerical results presented are based on sample estimates of r i s from the
data. In this sense, the tests conducted are all conditional. For example, in the context of testingthe
Hardy-Weinberg assumption (Figure I), the six allele
frequencies used are actually the ones observed in the
sample. The question that we truly asked: is the genotype data consistent with the hypothesis that all of
these six alleles (with the given frequencies) randomly
combinedtoform
genotypes? While unconditional
test procedures for similar situations have been described in theliterature
(BINDER andHEERMANN
1988), the conditional aspect of the sampling distribution presented here( i e . , when formula (11) is computed from estimated ai values) is no different from
those of the test procedures suggested in GUO and
THOMPSON
(1992), WEIR (1992), or CHAKRABORTY,
SRINIVASAN and
DE ANDRADE
(1993).
In closing, anotherimportant application of this
methodology may be cited that has relevance to mating behaviorstudies in human and animal populations.
With the advent of hypervariable polymorphic loci, it
is now possible to assert parentage from allele sharing
with a small number of hypervariable loci, or even by
using DNA fingerprints obtained from a multi-locus
probe (JEFFREYS, BROOKFIELD
and SEMENOFF
1985).
However, since mutation rates at such loci are not
negligible (JEFFREYS et al. 1988), it becomes important
to know the sampling distribution of the number of
loci with reference to which a randomly accused man
could be excluded if this man is not the father of a
child born to a specific mother. Analytical solution of
this problem, suggestedin CHAKRABORTY
and SCHULL
(1976), or that of the distribution of the proportions
of offspring in a population with unambiguous parentage (CHAKRABORTY,
MEACHERand SMOUSE
1988)
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