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ABSTRACT 

Mathematical theories of the population dynamics of sex-determining 
alleles in honey bees are developed. It is shown that in an infinitely large 
population the equilibrium frequency of a sex allele is l /n ,  where n is the 
number of alleles in the population, and the asymptotic rate of approach to 
this equilibrium is 2/ (3n)  per generation. Formulae for the distribution 
of allele frequencies and the effective and actual numbers of alleles that 
can be maintained in a finite population are derived by taking into account 
the population size and mutation rate. It is shown that the allele frequencies 
in a finite population may deviate considerably from l /n .  Using these results, 
available data on the number of sex alleles in honey bee populations are dis- 
cussed. It is also shown that the number of self-incompatibility alleles in 
plants can be studied in a much simpler way by the method used in this paper. 
A brief discussion about general overdominant selection is presented. 

I N  the honey bee, Apis mellifera, sex is determined by multiple alleles at a locus 
(see KERR 1975; CROZIER 1977 for review). Heterozygotes for these alleles are 

females (queens and workers), whereas homozygotes or haploids are males 
(drones). Diploid (homozygous) males are generally eaten by worker bees in 
the larval stage, so that virtually all males are haploid in natural populations 
(WOYKE 1963; for a review see ROTHENBUHLER, KULINCEVIC and KERR 1968). 
Essentially the same mechanism of sex determination applies to at least two other 
species of Hymenoptera, i.e., Bracon habetor (= Habrobracon juglandis; 
WHITING 194.3) and Neodiprion nigroscutum (SMITH and WALLACE 1971). In 
these species, diploid males are observable, but they are either highly inviable or 
infertile. In some other species of Hymenoptera, two or more loci with similar 
multiple alleles seem to be involved, but in the majority of Hymenopteran 
species the mechanism of sex determination still remains to be clarified (CROZIER 
1977). 

With the type of sex determination in honey bees, it is expected that diploid 
offspring encounter a severe mortality when the number of sex-determining 
alleles or sex alleles in the population is small. There seem to be two ways of 
minimizing this mortality in offspring due to homozygous combinations of sex 
alleles: (1 ) avoidance of inbreeding and (2) increase in the number o€ sex alleles. 
Genetics 91: 609-636 March, 1979. 
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610 S. YOKOYAMA A N D  M. NE1 

In honey bees mating occms in the air, each queen being approached by a cloud 
of drones derived from many hives in a wide area, and thus random mating is 
assured (KERR 1975). The number of sex alleles is also generally very large. 

Despite the obvious advantage of having a large number of sex alleles, the 
number of alleles cannot be extremely large in finite populations. This is because 
random genetic drift operates to reduce the number of alleles even if there is 
input of new alleles by mutation. It is expected that in a population of a given 
size the gain of new alleles by mutation will eventually be balanced by the loss 
of alleles by genetic drift. Thus, the number of alleles that can be maintained in 
a population must be a function of population size and mutation rate. 

The main purpose of this paper is to study the number of sex alleles that can 
be maintained in a finite population. Such a study is required for understanding 
the mechanism of maintenance of sex alleles and estimating the effective popu- 
lation size or the mutation rate. Before going into the detail, however, we shall 
first study some properties of deterministic changes of the frequencies of sex 
alleles, extending WOYKE’S (1976) work. 

Another problem discussed in this paper is the number of self-incompatibility 
alleles that can be maintained in a population. In some plants (e.g., Oenothera) 
self-incompatibility is controlled by a series of multiple alleles of which the popu- 
lation dynamics is similar to that of sex alleles in honey bees. In these plants, 
pollen does not function on a style that carries the same allele. The number of 
these alleles that can be maintained in a finite population has been studied by 
WRIGHT (1939, 1960, 1965, 1969), FISHER (1958), EWENS (1964a), MAYO 
(1966) and others. WRIGHT’S work was once criticized by a number of authors, 
but it is now generally agreed that his results are essentially correct (WRIGHT 
1965; KIMURA 1966; EWENS and EWENS 1966). However, his method of com- 
puting the number of alleles is quite complicated, and depends on trial and inter- 
polation. In this paper we shall show that if o w  approach is used, WRIGHT’S 
results can be obtained in a much simpler way. In addition to this, a brief dis- 
cussion about general overdominant selection will be presented. 

DETERMINISTIC CHANGES O F  GENE FREQUENCIES 

Suppose that there are n sex alleles ( X I ,  X,, . . . , X,) in a large random mating 
population. Let q t * *  and xi,t* be the frequencies of allele Xi  in adult females 
(queens) and adult haploid males (drones) at the t-th generation, respectively. 
We assume that all the heterozygotes for sex alleles, i.e., females, have the same 
viability and fertility, whereas the homozygotes, i.e., diploid males, are com- 
pletely lethal. We also assume that all genotypes in males have the same fitness. 
In the absence of mutation, the frequency of Xi in females in the next generation 
is given by 

R (1) 
xi,t* (1 - Xi,$**) + Xi$** (1 - xi, t*) 

2c1 - .z x j , t * X j , t * * l  

xi,t+i** = 

3 = 1  

(WOYKE 1976). This formula is easily obtained if we note that the frequency of 
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NUMBER O F  ALLELES 61 1 

females having allele X i  before selection in generation t -k 1 is Xi , t *  ( I * - .x i . t * * )+  

qt* * ( l  - x + , ~ * )  and the proportion of diploid males is Z xj , t*q , t** .  On the 
other hand, the frequency of X i  in males in generation t + 1 is equal to the fre- 
quency of this allele in females in generation t .  Thus, 

1) 

j=1 

zi,t+1* = x i , t * *  . (2 )  
From the above equation, it is obvious that xi,t* = qt** =& at equilibrium. 

Furthermore, from ( I ) ,  f i  = .X fjz for all i's. Therefore, fi = & for all i's and 
j ' s  and 

n 

3 =1 

2$ = l /n  (3) 
is the equilibrium frequency. 

Formula (1) shows that in the case of two alleles (n = 2) the gene frequency 
in females reaches the equilibrium value (1/2) in a single generation. This is, 
of course. understandable if we note that all females are heterozygotes. In males 
the gene frequency does not change, but since =xi,$**, both the male and 
female gene frequencies become 1/2 in two generations. When the number of 
alleles is larger than two, the gene frequencies gradually reach the equilibrium 
value, but the actual pattern of approach to equilibrium can be quite complicated. 
Some special cases have been studied numerically by WOYKE (1976). 

Let us now study the local stability of equilibrium. We consider the case of 
n 2 3, since when n = 2 the gene frequency almost instantly reaches equilibrium 
as mentioned above. Let 

xi,t* = l /n + 
xist** = l /n  4- qt** 

(4) 
( 5 )  

n n 
with,Z E i , t *  = I: 
the higher ouler terms of 
of E ~ *  and E + * * .  

= O .  Putting (4) and (5) into (1) and (2) andignoring 
and E ~ , ~ *  *, we obtain the following linear equations 

2=1 i=1 

( S i $ *  + E & $ * * )  . * * =  Tr-2 
2(n - 1) E i , t + l  (7) 

In  the following, we shall drop the subscript i for E ,  since the formulae apply to 
any allele. If wenote E ~ *  = (7)  becomes 
1 

n-2  
&&I*+ = 0 a 

n-2  
E t * *  - **  - 

E t + 1  2 ( n -  1) 2(n -  1) 
Solution of this difference equation gives 

E t * *  [(1/2) (1 + C ) E O * *  - c E O * l X l t  + [(1/2)(1 - c ) E o * *  + C E O * ] (  -Xz)$ , (8) 
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where 

S. YOKOYAMA AND M. NE1 

n-2++(n-2)  (9n- 10) 
A1 = 

4(n- 1) 
+(n-2) (9n- 10) - (n-2) 

A, = 
4(n-  1) 

n-2 
c r'gn-10 

In the above, both A, and A, are positive, and A1 > Xz for  all n equal to 3 or 
larger. We have A, = 0.640; Az = 0.390 for n = 3, A, = 0.768; h2 = 0.434 for 
n 4, and A1 = 0.828; A2 = 0.453 for n = 5 .  For n > 5, A, and A2 are approxi- 
mately given by 

3n-4 
A2 = 3n 6 (n -  1) * 

2 
A1=1-- , 

These formulae together with (8) show that the equilibrium gene frequency, 
l/n, is stable and for a large t the gene frequencies approach equilibrium at an 
approximate rate of 2/(3n) per generation. 

As mentioned earlier, the scheme of maintenance of sex alleles in honey bees 
resembles the self-incompatibility system in plants. NAGYLAKI (1975) has shown 
that the asymptotic rate of approach of the frequencies of self-incompatibility 
alleles to equilibrium is approximately given by l /n for large n. This is 3/2 of 
that for the sex alleles in honey bees. This difference occurs because there is no 
selection in haploid males. Studying the sufficient condition for the allele fre- 
quency to increase, NAGYLAKI has also shown that any allelic frequency less than 
q = 1 + b - dl + b2, where b = [2(n - I)]-', will increase. In our case this 
condition seems to be quite complicated since there are two sexes involved, but 
we suspect that a similar condition applies to the sex alleles too. 

When there is a difference in gene frequency between two sexes, the difference 
gradually disappears with time. In the early generations the sign of the difference 
often changes in successive generations as in the case of X-linked genes in diploid 
organisms (WOYKE 1976). The change in sign does not last long, however, and 
eventually the difference declines at a constant rate. This can be seen by con- 
sidering the case where tho deviations of gene frequencies from equilibrium 
values are given by (6) and (7). We first note that the sex difference S t  = xt * - 
xt** is equal to E t *  - e t**  and et** is given by (8). Since E t *  = ~ t - ' * * ,  S t  is 

S t  = [I (1/2) (1 + c) EO** - c EO*] (1 - A*)A,t-1 + [ (1/2)(1-c)&0**+c&o*]( l+A2)(-A2)~-~ . (12) 

Therefore, when t is large a t  declines at a rate of 1 - A, in every generation. At 
this stage St  is much smaller than E t *  or e t * * ,  since 1 - A, I 0.37 for n 2 3. 

DISTRIBUTION O F  ALLELE FREQUENCIES I N  A FINITE POPULATION 

As mentioned earlier, the number of alleles maintained in a population is 
determined by the mutation rate, selection, and population size. Following 
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NUMBER O F  ALLELES 613 

WRIGHT (1939) , FISHER (1 958) and KIMURA and CROW (1 964) , we assume that 
new mutations arising in a population are always different from the extant 
alleles. Under this assumption, we shall derive a formula (@(z)dx) for the 
expected number of alleles whose frequencies are from z to z 4- dx in an equi- 
librium population. Before going into the detail, however, we should emphasize 
that we are not intending to derive an exact formula. As mentioned earlier, the 
population dynamics of sex alleles is similar to that of the incompatibility alleles 
in plants, and in the study of the allele frequency distribution we encounter the 
same difficulties as those for the incompatibility system (FISHER 1958; EWENS 
1964a; WRIGHT 1969) so that it seems virtually impossible to  derive an exact 
formula. We shall therefore be content with an approximate formula. In this 
paper, we shall use the method of diffusion approximations with some simplify- 
ing assumptions. Despite these approximations, however, our  final results seem 
to be quite satisfactory, as the computer simulation indicates. 

To derive the forniula @(z), we first assume that there are k possible allelic 
states at the sex locus and mutation occurs between all pairs of alleles with equal 
frequencies. We then derive the stationary distribution for a particular allele, 
+i (2). Since all alleles have the same distribution under the present assumption, 
the btribution of the expected number of alleles for  the k-allele model is given 
by %(z) = k+i(x) (KIMURA 1968; NEI and LI 1976). @(z) is then obtained by 
@(z) = lim a ( x ) .  As will be noted later, this method 04 derivation of @(z) is 
only approximately valid in the present case, but for obtaining the expected num- 
ber of sex alleles maintained in a population it seems to be satisfactory. Recently, 
WATTERSON (1977) developed a more rigorous method of deriving @(x) for the 
case of general overdominant selection, but his method is intractable in our case, 
since selection intensity is high. 

Let us now derive +i (z) using diffusion approximations. For this purpose we 
must know the mean and variance of gene frequency change per generation. In 
a finite population, the male and female gene frequencies are not necessarily the 
same. However, since the sex difference in gene frequency at the time of fertili- 
zation is generally small except in small populations, we shall assume that the 
gene frequencies are the same for both sexes (x* = x* * = x) . Furthermore, we 
assume that selection and mutation occur deterministically, and N f  females and 
N ,  males are randomly chosen to form the adult population. The amount of 
change in the frequency (z) of a particularly allele due to selection is 

k+ m 

in the female population, wkrere x is any one of xi’s, whereas it is zero in the 
haploid male population. Therefore, since we have assumed that there are k 
possible allelic states, the mean change of gene frequency per generation is 
given by 

Ms,=-az(z-.T) -vx+vl(l-xxi) , (13) 
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614 S. YOKOYAMA AND M. NE1 

where J = Exi2, a = 2/[3(1- J ) ] ,  u1 = v/(k - l ) ,  where U is the mutation rate 
per generation. The factor of 2/3 in a enters because there is no selection in 
hapoid males. In this paper we assume that 1 is constant and equal to the expec- 
tation of zxi2, following WRIGHT (1939) and FISHER (1958). The effect of this 
assumption will be discussed later. 

It is not easy to determine the variance of gene frequency change accurately, 
as in the case of incompatibility alleles (WRIGHT 1960,1969). If we assume that 
the effect of selection on the variance is negligible, Vax is given by 

x( l*-x)  
v a x =  2Ne 7 

where Ne is the effective population size and identical with that of X-linked genes 
in diploid organisms. Namely, 

9 N a f  (WRIGHT 1933) (15) 
4Nm + 2Nf Ne = 

In practice, however, the effect of selection in.the female side (actually diploid 
males) i s  rather strong and similar to that of the incompatibility system; namely, 
all females are heterozygotes. Let Pi! be the frequency of female genotype Xixj. 

Then, xi** = Pij/2. Therefore, the sampling variance of gene frequency 
when Nf females are chosen at random is 

k 

j=1 

5**(1-2x**) 
2Nf 

v** = , 
where the subscript for x** is dropped. Note that in females x** never becomes 
larger than 1/2. On the other hand, the variance for males is V* = x* (1 - 
z*)/N,. Therefore, the variance of the change of average gene frequency for 
males and females (z=(2/3) x** + (1/3) s*) is given by 

4 1 22**(1'-2x**) + s*(1  -z*) - V** + - v* = 
9 9 9Nt 9Nm 

This formula creates a difficulty for deriving +(x). One way to avoid this 
difficulty is to assume that the variance for males is x* (1 - 2x*)/Nm, rather 
than z* (1 - x*)/N, .  Then, by the assumption of x* = z* * = x, we have 

2( 1 - 2x) 
2Ne v a x  = 7 

where Ne is given by (15). Here we impose the condition 0 I x 5 1/2. In the 
case of sex alleles, there is strong selection in the female side, so that intuitively 
(18) seems to be better than (14). Computer simulations, however, have indi- 
cated that (14) gives a better result than (18), as will be seen later. 

At any rate, if we put (13) and (14) into WRIGHT'S (1938) formula for the 
stationary distribution, we obtain 

+i (2) = cies"sA-l(l - 5 ) B - l  (19) 
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NUMBER O F  ALLELES 615 

where S = 4Ne~, A = 4NeUl, B = 4Ne [a ( 1 - J )  + U], and 

r(A)r(B) lF, (A,A + B,S) . 
F(A + B )  C;l = 

Here r(.) is the gamma function and lP1(-,-,-) is the confluent hypergeometric 
function. We can now derive @(x) by evaluating lim k+i (2). It  becomes 

(21 1 
b o o  

@ ( X) = 4N,~k" ( 1 - X) B-lx-l . 
It should be noted that (21) can also be obtained by using the Wright-Fisher 

formula  FISHER 1958) 

with k =  and the condition that J: z@(x)dx = I. In this case, however, the 
additional condition 5,' x2@(z-)dx = J seems to be necessary to show C = 4Ne~. 
It is also noted that (21) can be derived by using EWENS' (1964b) sojourn time 
argument. In fact, he has derived essentially the same formula as (21) for the 
case of general overdominant selection, though his parameter a is different from 

Earlier we assumed that J is constant and equal to the expected homozygosity. 
If we note that the sum of allele frequencies in a population is equal to 1, i.e., J: XCJ (5) dx = I, it can be proved that J is in fact equal to 1; XQ (x) dx ( EWENS 
1964b). 

To evaluate @ (x) numerically, we must first determine J since @ (x) is a func- 
tion of 1. For this purpose, it is convenient to use the relation 

OUTS. 

4Nev = C , 
where C is 

or 
r ( l + B )  (2,2+B,S) J =  
r ( 2 + ~ )  1 ~ 1  ( i , i  +B,s)  

For large S, (25) is more useful than (23). In both formulae, iterative compu- 
tation is required. 

In our case, S =44V,gz, B = 4Ne(2/3 4- U) and J is smaller than 1/2. Since U 

is generally much smaller than 2/3, we have 

(8Ne/3) 
C l  N 

(4N&) 
The error introduced by using the gamma function is very small, since Ne is 
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616 S. YOROYAMA A N D  M. NE1 

generally large. For example, when Ne = 100, U = 
less than 0.01 percent. 

and (24) give the following equation 

and J = 0.2, the error is 

If we note that r (y )  = dZe-y-+ w ith high accuracy for a large y ,  (23) 

(27) 

approximately, where v\/12xNe << 1 is assumed. Therefore, J can be obtained 
by solving this equation numerically for 0 < I  < i / .  When J is small compared 
with 1, we can expand In( 1 - 1) and (1 - J)-' into the Taylor series and neglect 
the terms involving the third and higher order terms of 1. We then have 

- 8Ne [l - h ( l  -1) - (1 - J ) - ' ]  - l n ( d l % N e )  = O  
3 

(28) 

If we use (18) as the variance of gene frequency change, @(x) takes a slightly 

3 
4Ne 

J =  [ - - l n ( d l % N , ) ] ~  

approximately. The accuracy of this formula will be examined later. 

different form, namely, 

@ (z) = 4Nev e Z N P  (1 - 2x) zNea-lz-l , O < x < %  , (29) 

where b = (1 '- 2J) /[3 (1 - I)] + U. The J value may be obtained by using the 
property J: x@ (2) dz = I or 

(30) 
J = -  r ( l + B )  ,F1 (2,2+B,S) 

2 r (2+B)  ,F, (1 , l  + B , S )  ' 
where S = Nea and B = 2N,b. Furthermore, when U V I ~ T N ,  << 1 and J << 1 , 
J is again given by (28). 

Incidentally, KIMURA and CROW (1964) developed a formula for J for the case 
of symmetric overdominant selection in diploid organisms. Their formula is 

where s is the selective disadvantage of (all) homozygotes compared with hetero- 
zygotes, and r = 2N,v/dNes << 1 is assumed. In the present case selection 
occurs only against homozygoies for sex alleles, so that s = 2/3 and r is generally 
much smaller than 1. Thus, (3 1 ) becomes 

- 

J =  [ - ~ l n ( u \ / 3 7 . 5 N e ) ] ' / .  , 
4Ne 

which is very close to (28). 
are given in 

Table 1. The value from (30) is smaller than that from (25) when Ne is small, 
as expected. However, for  the practical purpose the difference is negligibly small. 
The approximate fmnula (28) gives a substantial overestimate when Ne is small. 
When Ne is larger than 500 and q/12?rNe << 1, however, it gves a quite accu- 

The values of J obtained by (25), (28), and (30) €or U = 
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NUMBER O F  ALLELES 61 7 

TABLE 1 

Values of J determined by formulae (25), (28) and (30)  for v = 10-5 and various values of Ne 

Formula (25) Formula (30) Formula (28) 

50 
100 
200 
500 

1 000 
2000 
5000 

10000 

0.2756 
0.2028 
0.1464 
0.0938 
0.0654 
0.04.56 
0.0280 
0.0193 

0.2596 
0.1942 

0.0914 
0.0646 
0.0452 
0.0279 
0.0192 

0.14,u) 

0.3408 
0.2355 
0.1626 
0.0994 
0.0684 
0.0470 
0.0286 
0.0195 

rate value. When N e  is extremely large, either (25) or (30) should be used. For 
the values of Ne and U considered in Table 1, (27) gives virtually the same J 
value as that obtained by (25). 

Figure 1 shows the allele frequency distributions obtained by (21) and (29) 
for U = It is clear that (29) gives a somewhat narrower distribution than 

400- 

300- 

200- 

100- 

0 
0 0.1 0.2 0.3 

GENE FREQUENCY 

FIGURE 1.-Allele frequency distributions of sex alleles in honey bees. Solid lines refer to 
formula (21) and broken lines to formula (29). 
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618 S. YOKOYAMA A N D  M .  NE1 

(21) when Ne is small, i.e., Ne = 100. When N e  is large, i.e., Ne = 1000, how- 
ever, the difference between the two distributions is very small, except for x very 
near to the mode. The actual number of alleles, which will be discussed in the 
next section, is 5.32 for (21) and 5.50 for (29) when Ne = 100 and 16.88 for 
(21) and 17.9 for (29) when Ne = 1000. 

NUMBER O F  ALLELES THAT C A N  BE MAINTAINED IN A POPULATION 

There are two measures of the number of alleles that can be maintained in a 
finite population, i.e., the effective number of alleles and the actual number of 
alleles. The former (ne)  is defined as the reciprocal of expected homozygosity, 
namely, ne = 1/J (KIMURA and CROW 1964), whereas the latter (na) is given by 
the reciprocal of the mean frequency of the alleles existing in the population 
(WRIGHT 1939). In practice, the latter value may be computed by 

n, =I: - @(x)dx (32) 
2N 

(WRIGHT 1949; EWENS 1964b). However, the number of alleles observed in a 
sample depends on the sample size. When m alleles are sampled, the expected 
number of alleles in the sample is given by 

n, =j: [I - (1 - z)"la(x)dx . (33) 

Obviously, ne becomes equal to n, only when all allele frequencies are equal to 
l/n; otherwise ne < na. 

We computed the values of ne, n,, and n, by using (21) and (29). The results 
obtained are given in Table 2. As expected, the effective number of alleles 
increases with increasing values of Ne and U ,  but Ne has a stronger effect than U, 
unlike the case of neutral genes where ne depends on Nev, but not on Ne and U 

- 
2N 

TABLE 2 

Effective (ne) and actual (n,) numbers of alleles in the population and the number 
of alleles in a sample of m gems (n,) 

100 10-5 4.93 5.32 5.14 5.30 5.32 
10-6 4.40 4.63 4.55 4.63 4.63 

500 10-5 10.73 11.73 9.34 11.31 11.64 
1 0-6  9.33 9.91 8.52 9.77 9.89 

1000 10-5 15.28 16.88 11.46 15.45 16.53 
I 0-6 13.16 14.73 11.20 14.14 14.65 

5000 10-5 35.68 39.75 14.86 26.52 34.29 
1 0-6  30.01 32.04 14.84 24.71 29.86 

These values were obtained by using equations (21) and (25). 
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NUMBER O F  ALLELES 619 

separately. The reason for tliis is that the effect of overdominant selection becomes 
disproportionately large when N e  increases. The effects of N e  and U on n, are 
essentially the same as those on ne. In general, n, is close to ne, except when Ne 
is large. However, this does not necessarily mean that the allele frequencies are 
all close to l /na, as will be seen from the allele frequency distributions in Figure 
1. In fact, the allele frequencies are generally considerably different in a finite 
population. 

The number of alleles in the sample is obviously affected by sample size. When 
4Nev is small, however, the number of alleles in the sample is close to the number 
in the population, unless m is very small. When 4Nev is relatively large, the 
former is considerably smaller than the latter even for m = 100. 

COMPUTER SIMULATION 

In our derivation of ~ ( x ) ,  we assumed that (1) the gene frequencies in males 
and females are the same and (2) J is constant. To see the effects of these assump- 
tions we have conducted a computer simulation. In this simulation we considered 
three cases, i.e., N M  = N F  = 40 ( N e  = 60), N M  = NF = 80 (Ne  = 120) and 
NM = NF = 400 ( N e  = 600). To save computer time, a rather kigh mutation rate, 
i.e., U = was used. In each generation, gene frequencies were computed at 
the adult stage. Mutation was introduced in males and females separately after 
gene counting. The number of mutations introduced in a generation followed the 
Poisson distribution with mean 2N,v in females and mean NMv in males. After 
introducing mutations, two gametes, one from each of the male and female 
gamete pools, were chosen at random to generate a diploid offspring. If this 
offspring happened to be a heterozygote, it was saved as a female, whereas if it 
happened to be a homozygote, it was discarded. This process was continued until 
the number of heterozygotes (females) became equal to NF. On the other hand, 
NU individuals of male offspring were randomly chosen at random from the 
female gamete pool. The allele frequencies in the next generation were then 
determined for males and females separately. This cycle was repeated for 2040 
generations in the cases of Ne = 120 and Ne = 600, and in every 20th generation 
the actual number of alleles and homozygosity were computed, starting from the 
160th generation. In the case of Ne = 60, the cycle was repeated for 4040 genera- 
tions, and in every 20th generation the homozygosity and number of alleles were 
computed, starting from the 60th generation. The initial number of alleles used 
was equal to the integer number closest to the theoretical values of n,, and all 
alleles had equal initial frequencies. The homozygosity was computed by 

jl = zxi2 
where xi = 2xi**/3 + xi*/3, and by 

j z  = Bxi*xi** . 
The latter formula is expected to give a slightly smaller value than j l ,  but gives 
the proportion of diploid males, neglecting the effect of new mutations. The 
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actual number of different sex alleles in the population including both males and 
females was also counted at the adult stage before mutation. 

The means of jl, j z ,  and nu, denoted by Tl, T2, and fi,, respectively, are given in 
Table 3. It is noted that il and 7z are virtually identical when N e  is large, but in 
relatively small populations f’, is a little smaller than 71. The agreement between 
the theoretical value (1) and observed values (Tl,32) is quite satisfactory if we 
consider the large standard errors of observed values. However, there is a ten- 
dency for 7l and 72 to be slightly smaller than J ,  and this tendency is pronounced 
in small populations. It is also noted that the observed value is closed to the 
theoretical value obtained from the distribution (21) than to the theoretical value 
from (29). The agreement between the theoretical and observed values of n a  
again seems to be satisfactory for the practical purpose. However, the theoretical 
value, particularly that obtained by (29), tends to be larger than the observed 
value. 

Earlier we argued that the variance of gene frequency change given by (14) 
would be an overestimate. The present simulation, however, indicates that the 
allele frequency distribution (21) obtained by using (14) gives better estimates 
of ne and n, than does the distribution (29) obtained by using (21). The reason 
for this is probably that the assumption of constancy of J in (13) increases the 
power of maintenance of polymorphism and thus offsets the effect of overesti- 
mation of variance in (14). 

Table 4 shows the distributions of the individual values of ne = l/ j and n, for 
generations in which these values were computed. It is clear that the individual 
values of ne and n, may deviate considerably from the expected values. In this 
table the results for Ne = 600 are not included to save the space, but the distri- 
butions for this case were a little wider than those for Ne = 60 and N e  = 120. 

TABLE 3 

Auerage homozygosities ( j l ,  j,) and average number of alleles (ria) obtained 
b y  computer simulation 

- -  

N, = 60 N, = 120 
( r  = 200) ( r  = 95) 

Homozygosity 
Theoretical (21) 0.1722 0.1194 
Theoretical (29) 0.1 649 0.1156 
Simulation 6,) 0.1889 k 0.0134 0.1309 f 0.0135 
Simulation (y2) 0.1829 2 0.0131 0.1274 k 0.0131 

Number of alleles 

Theoretical (29) 7.48 11.27 
Simulation (nu) 6.46 2 0.46 9.98 z!z 1.11 

Theoretical (21) 7.29 11.06 

N, = 600 
( r  = 95) 

0.0471 
0.0465 
0.0487 * 0.0054 
0.0487 t 0.0053 

31.59 
32.60 
30.48 t 3.10 

Theoretical values of J and nu were obtained by using distributions (21) and (29). In the 
computation of J (25) and (30) were used. r = Number of observations. 
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NUMBER O F  ALLELS 621 

TABLE 4 

Distribution of the indiuidual ualues of the effectiue (ne = l / jz )  and actual (n,) numbers of 
alleles obtained b y  computer simulation for Ne = 60 and Ne = 120 

Number* 
of alleles 4 5 6 7 8 9 10 11 12 13 14 Total 

N e  = 60 
ne 12 83 79 23 3 2QO 
nu 5 21 88 57 22 7 200 

ne 8 22 36 22 7 95 
"a 1 7 2 9 2 9 2 0  5 2 2 95 

N e  = I20 

The number of observations is 200 for N e  =60 and 95 for N e  = 120. 
* The effective number of alleles is a continuous variable, and in this table number i represents 

the values of ne between i - 0.5 and i + 0.49. The actual number of alleles is discrete. 

These results indicate that the value of ne or n, determined from a single-genera- 
tion data is subject to a large stochastic error in addition to the sampling error 
at the time of data collection. 

SELF-INCOMPATIBILITY ALLELES IN PLANTS 

The method of computinz ne and na in the foregoing section can be directly 
applied for computing the same quantities for self-incompatibility alleles in 
plants. In the literature, a variety of approximate formulae have been used for 
Ms, and Vs,. We follow WRIGHT (1969) and use 

Ma,=-ax(s-J) -vx+v, ( l  -x) (34) 

V S X = Z ( I - ~ ~ ) / ( ~ N ~ )  , (35 1 
where 0 5 x < 1/2 and a = l / [ ( l  -1) (1 - 2J)] with J < 1/2. [WRIGHT'S Max 
does not include the term v l ( l  - x).] Therefore, @(x) is given by (29) if we 
rewrite a =  l / [ ( l , - J ) ( l  -2J) l  and b=1/[2(1 - J ) ]  fv. 

The value of J can be obtained again by using the relationship 5: x@ (x) dx = 1 
or (30) with the above definition of a and b. 

When J is small, it is given by 

approximately. 
Using somewhat different formulae for M6x and Va, in (35), FISHER (1958) 

obtained an approximate formula for the rate of loss of alleles due to genetic drift 
at equilibrium. It  is 

qr% e - 2 N P  (37) 
in our terminology. This is balanced with new mutations, i.e., 2Nv. Thus, we 
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obtain the same approximate formula as (36) , whether we use FISHER’S formula 
for Msz or WRIGHT’S. The accuracy of (36) is essentially the same as that of (28). 

WRIGHT (1939,1960,1965) has done an extensive study on the actual number 
of alleles that can be maintained in a finite population. His method is quite com- 
plicated. In our approach, this number can be computed easily by using (32). 
Both methods give essentially the same results. Table 4 gives the comparison of 
WRIGHT’S and our  results for the cases in which WRIGHT (1969) has given 
numerical values. In this table, the effective number of alleles obtained by 
ne = 1/J is also included. It is clear that the agreement between the values 
obtained by the two methods is very good. 

In this connection it should be noted that a number of authors have checked 
the validity of WRIGHT’S theoretical formulation in terms of computer simula- 
tion. For example, KIMURA (1966) and EWENS and EWENS (1966) computed 
the actual number of alleles in a population of 500 individuals with a mutation 
rate of and obtained 36.2 and 32.2, respectively. These values are very close 
to our results, as well as to WRIGHT’S. KIMURA (1966) also computed the average 
value of l/%i2, obtaining 25.3. This is slightly larger than the theoretical values 
in Table 5. However, this is not unreasonable, since the expectation of 1/Xxi2 is 
larger than the effective number, i.e., the reciprocal of the expectation of Zxiz. 
EWENS and EWENS (1966) computed the rate of loss of allele per generation by 
equating the reciprocal of their estimate of the actual number of alleles (32.2) 
to J in (37). They obtained 3.36 instead of the expected value of 2Nev = 1.  
Because of this discrepancy, they concluded that WRIGHT’S theoretical value is 
far more accurate than FISHER’S. A somewhat similar conclusion was reached by 
MAYO (1966) in his computer simulation. It should be noted, however, that with 
the values of Ne = 500 and U = the effective number of alleles is consider- 
ably different from the actual number. In fact, the effective number of alleles 
obtained by (36) is 21.4 in this case, which is not very iar from the more accurate 
value obtained by (30) with redefinition of a and b (see Table 4). Therefore, 
FISHER’S ( 1  958) formula is not too bad. 

DISCUSSION 

The number of sex alleles in honey bee populations has been estimated by a 
number of authors. Conducting a diallel cross, MACKENSEN (1955) identified 11 

TABLE 5 

Effective and actual numbers of self-incompatibility alleles obtained by  
WRIGHT (1969) and by  OUT method 

Effective number Actual number 
Case Wright Y&N Wright Y&N 

N ,  = 50; U = 10-6 
- e  N =5oo; U = 10-3 
N ,  = 1000; U = le3 

4.9 4.9 5.1 5.1 
22.3 23.0 33.2 33.0 
33.3 34.6 55.0 52.3 
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alleles in six different inbred lines from a U. S. population, each of which had 
two sex alleles. Namely, in a sample of 12 genes there were 11 different alleles. 
This number, however, can be a gross underestimate, since only 12 genes were 
examined (see Table 2). LAIDLAW, GOMES and KERR (1956) estimated the num- 
ber of alleles by assuming that the allele frequencies are equal and using the 
probability that a randomly chosen queen has the same sex allele as that of a 
particular male. If this probability is averaged over all males or many males 
which are randomly chosen, their method would give an estimate of the effective 
number of alleles. In practice, they used only one male genotype (with 61 
queens) , and obtained an estimate of 12.4 with a standard deviation of 3.6 in the 
isolated population of Piracicaba, Brazil. It is noted that if the variation of gene 
frequencies among alleles are taken into account, the standard deviation will be 
considerably larger than 3.6. 

The third estimate of the number of sex alleles was obtained by KERR (1967), 
who applied KIMURA and CROW’S (1964) formula for ne (31 ) with s = 1. He 
estimated that the number of queens (hives) in the Piracicaba population was 
about 200 and the effective size was about 428, since each queen was mated by 
about 10 males. KIMURA and CROW’S (1964) formula then gave an estimate of 
ne = 11 (10.9 - 11.2) when a mutation rate ( U )  of - 10” was assumed. AS 
shown in this paper, however, s = 2/3 should be used for the sex alleles in honey 
bees, and (25) or (28) rather than (31) should be used. If weuse (25), we obtain 
ne = 1/J = 9.8 for U =  These values are somewhat 
smaller than KERR’S estimates. We also computed the actual number of alleles by 
using (19) and (32) and assuming 2N = 2N, 4- NM = 2400. It  was 10.7 for 
U = These values are closer to KERR’S estimates. In this 
connection it should be noted that the actual number of alleles is strongly depen- 
dent on the value of N,u, and the effect of actual population size, N ,  is relatively 
minor, unless the discrepancy between N and N e  is extremely large. 

KERR (1967) applied KIMURA and CROW’S formula for the Guarapari popula- 
tion as well. However, since the Guarapari population had existed only for two 
years at the time of colony survey, it is not appropriate to use the equilibrium 
theory. 

The fourth estimate of the number of alleles was obtained by ADAMS et al. 
(1977). They studied the proportion of diploid males examining larvae from 90 
hives in a population of the Sao Paulo state of Brazil and estimated the number 
of alleles to be 18.9. This number is very close to the effective number of alleles 
(1 9.9) estimated by the reciprocal of the proportion of diploid males (0.0503). 
These numbers are considerably larger than the estimate for the Piracicaba popu- 
lation. As argued by ADAMS et al. (1977), this difference could be due to the fact 
that the Sao Paulo population is larger, the number of hives being about 500, and 
it had experienced hybridization with the African honey bee. However, it should 
be remembered that LAIDLAW, GOMES and KERR’S (1956) estimate for the 
Piracicaba population is much less reliable than that of ADAMS et al. (1977), 
since it is based on the results of crossing between one male genotype and queens. 

It is of interest to know what level of mutation rate is required to explain the 

and 8.6 for U = 

and 9.2 for  U = 
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homozygosity of 0.05 in the Sao Paulo population, assuming that this population 
is in mutation-drift equilibrium and completely isolated from other populations. 
ADAMS et aZ. (1977) estimated that the number of hives (queens) in this area is 
500, and in this population each queen is mated by 17.3 males on the average. 
Therefore, the effective population size ( N e )  is estimated to be 1093.4 or about 
1100. We then obtain U = 0.000125 from (28). Namely, we need a mutation rate 
of the order of to explain ADAMS et al.’s data. Unfortunately, we have no 
direct estimate of mutation rate at the present time. However if, this estimate oE 
mutation rate is too high, we must assume that the effective population size is 
larger than 1100 or that there is an excess of alleles because of the recent hybridi- 
zation with the African honey bee. 

In  the present paper we have neglected the effect of migration. If a population 
is divided into a number of subpopulations among which migration occurs, the 
number of alleles that can be maintained is expected to increase, as shown by 
WRIGHT (1939) and EWENS and EWENS (1966) for the case of self-incompati- 
bility alleles. However, the amount of increase due to this effect seems to be 
relatively small unless there is a large number of small subpopulations and a 
very low rate of migration among them. In honey bees, this type of population 
structure seems to be very rare. 

We have seen that the number of sex alleles and the number of self-incom- 
patibility alleles in finite populations can be studied by using essentially the 
same method. In both cases the heterozygotes have a fitness of 1, and the homo- 
zygotes are effectively lethal. In the case of sex alleles, however, males are 
haploid and subject to no selection, so that the effective selection coefficient is 
2/3 of that for self-incompatibility alleles. From this comparison, it is obvious 
that our approach can be used for any degree of symmetric overdominant selec- 
tion. In usual diffusion approximations, the selection coefficient is assumed to be 
of the order of Ne-1. Therefore, in the case of general overdominant selection, a 
in (13) becomes equal to the selection coefficient (s) for homozygotes. Thus, the 
expected homozygosity is again given by (25) if we redefine B as 4Nev + 4Nes 
(1 - 1) and S as 4Nes. (Of course, since B includes J ,  J must be evaluated by 
iterative computation.) Theoretically, this method gives the expected homozy- 
gosity or heterozygosity for any values of Ne,  s, and U .  We have compared the 
expected heterozygosity ( H  = 1 - 1) obtained by this method with that from 
WATTERSON’S (1977) formula, which does not depend on the assumption of 
constant J ,  but gives H only for small values of 4Nes. (LI (1978) developed a 
method for computing H for 4Nes 5 40 by using WATTERSON’S formula.) The 
results obtained indicate that the agreement between the two methods is quite 
satisfactory as long as the ratio s/u is not large or H is large. However, when the 
s/u ratio is larger than 100 and H is smaller than 0.5, there are cases in which 
the two methods give substantially different values of H. Evidently, a more 
careful study is necessary about the expected heterozygosity due to overdominant 
genes. On the other hand, this result confirms that the assumption of constant J 
has a negligible effect in the cases of sex alleles in honey bees and self-incom- 
patibility alleles in plants, since H is generally very large in these cases. 
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