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ABSTRACT
An approximate solution for the mean fitness in mutation-selection balance with arbitrary order of

epistatic interaction is derived. The solution is based on the assumptions of coupling equilibrium and
that the interaction effects are multilinear. We find that the effect of m-order epistatic interactions (i.e.,
interactions among groups of m loci) on the load is dependent on the total genomic mutation rate, U,
to the mth power. Thus, higher-order gene interactions are potentially important if U is large and the
interaction density among loci is not too low. The solution suggests that synergistic epistasis will decrease
the mutation load and that variation in epistatic effects will elevate the load. Both of these results, however,
are strictly true only if they refer to epistatic interaction strengths measured in the optimal genotype. If
gene interactions are measured at mutation-selection equilibrium, only synergistic interactions among
even numbers of genes will reduce the load. Odd-ordered synergistic interactions will then elevate the
load. There is no systematic relationship between variation in epistasis and load at equilibrium. We argue
that empirical estimates of gene interaction must pay attention to the genetic background in which the
effects are measured and that it may be advantageous to refer to average interaction intensities as measured
in mutation-selection equilibrium. We derive a simple criterion for the strength of epistasis that is necessary
to overcome the twofold disadvantage of sex.

THEORETICAL population genetics is in many ways tionship between epistasis and the mutation load in a
way that is not feasible in standard population geneticsthe biological equivalent of theoretical physics.
theory. We also demonstrate that the reference geno-However, despite its mathematical and statistical sophis-
type in which gene effects are measured has importanttication, population genetics differs from the physical
consequences for the dynamical and evolutionary inter-sciences in its lack of a theory for measuring its funda-
pretations of epistasis.mental parameters. Usually, model parameters such as

Although mutation is a fundamental prerequisite forgene effects, selection coefficients, and mutation rates
evolvability, most new mutations are deleterious, andare introduced without consideration of their domain
every organism carries a load of deleterious mutationsof application, their scale, or how they are to be opera-
(Haldane 1937; Muller 1950). Estimates of the totaltionally measured (Wagner and Laubichler 2000).
genomic mutation rate are still controversial but someAny population genetical model must be understood as
estimates indicate that the number of new deleteriousa representation of some simple subset of the genetic
mutations may average more than one per individualsystem that is embedded in an unspecified genetic and
per generation in animals (Crow and Simmons 1983;environmental background. The model parameters are
Crow 1993; Eyre-Walker and Keightley 1999; Lynchthen implicitly defined with respect to this background
et al. 1999). Under mutation-selection balance this trans-and can only be operationally measured with reference
lates into a large mutational load, which may have ato it. We have previously argued that epistatic gene
variety of evolutionary implications. The mutation loadinteractions need to be defined operationally in terms
may be involved in the evolution and maintenance ofof their dynamical effects (Wagner et al. 1998; Hansen
recombination and sexual reproduction (Kondrashovand Wagner 2001) and we have developed a model of
1988), in the evolution of senescence (Rose 1991), infunctional epistasis that makes the role of the genetic
the evolution of reproductive effort late in life (Charles-background explicit (Hansen and Wagner 2001). In
worth 1990a), in inbreeding depression (Charles-this article we use this model to study the effects of
worth et al. 1990), and in the evolution of mate choiceepistasis on the mutation load. We show that an explicit
(Hansen and Price 1999).consideration of the “reference genotype” can be a pow-

Epistasis is fundamentally implicated in many of theerful conceptual tool that allows us to describe the rela-
evolutionary consequences of mutation load. If deleteri-
ous mutations interact synergistically they may be more
efficiently removed by selection and the load is de-
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(1982, 1984, 1988) argued that this effect might be suffi- set J. All epistasis coefficients can be measured by substi-
ciently strong to outweigh the twofold disadvantage of tuting appropriate multilocus genotypes into the refer-
sex, and help maintain sexual reproduction. Similarly, ence after having measured the single-locus reference
synergistic interactions among segregating mutations effects. From this we observe that epistasis coefficients
may enhance the differences in the load between indi- are also defined relative to a reference genotype.
viduals. They may, for example, elevate age and sex The reference effects are defined with respect to
differences in genetic fitness with obvious consequences whole-locus genotypes only. Substitution of single alleles
for the evolution of mate choice and life histories (Han- is a special case of this, and the theory makes no assump-
sen and Price 1999). tions about dominance. The linearity assumption, how-

ever, implies that additive and dominance effects are
combined in the same fashion. Hence, there is no dis-

THE MULTILINEAR GENOTYPE-PHENOTYPE MAP tinction among A 3 A, A 3 D, and D 3 D epistasis.
By the “genetic background” of a single- or multilocusThe multilinear model (Hansen and Wagner 2001)

genotype we mean the state of all other loci in g. Thewas introduced with two aims. One aim was to provide
effect of a genetic background, g, on a single-locus geno-a dynamically tractable representation of functional epi-
type, i, can be described in terms of an epistasis factorstatic interactions, and the other was to ensure that

parameters and variables were operationally defined.
Toward the second aim we introduced the concept of g→if 5 1 1 o

j?i

ijεjy 1 . . . 1
1
m! o

JPPm(g\i)

i ∪JεJy, (2)
a reference genotype. This is a real or abstract genotype
that serves as a yardstick in which model parameters can

where Pm(g \i) is the set of m permutations from the setbe measured. The variables of the model are “reference
g \i (i.e., g except i), such that the effect of a substitutioneffects” of genes. The reference effect of a single-locus
at locus i with reference effect id has effect g→if id in thegenotype is defined as the phenotypic effect of substitut-
background of g. Higher-order epistasis factors describ-ing this genotype into the reference genotype. Let the
ing the effect of a background on interactions amongvariable iy represent the reference effects of genotypes
loci can also be defined. Specifically, let J be a set ofat locus i. These variables can assume any real value.
indices representing the loci at which a substitution hasWe can describe a given genotype, g, in terms of the
occurred, such that Jd is the product of the referencereference effects of all the loci at which it is (potentially)
effects of all loci in J and Jε is their epistasis coefficient.different from the reference genotype. If there are n
The epistasis term describing the interaction amongsuch loci, the genotype is described as the set g 5 {1y, . . . ,
these loci is JεJd, and in the background of g this termny}. A genetic substitution at a locus from iy to iy9 can
is modified into g→Jf JεJd, by the epistasis factoralso be assigned a reference effect as id 5 iy9 2 iy.

To achieve a tractable representation of functional
epistasis we made the assumption that a change in the g→Jf 5

RKP`(g\ J)
J ∪KεKy

Jε
, (3)

genetic background can at most lead to a linear transfor-
mation of the effects of a gene substitution at a locus.
In other words, if a gene substitution has an effect id in where the K’s are sets of indices running over all possible
the reference genotype, then the same gene substitution unordered subsets of indices from g excluding J [i.e.,
in another genetic background, g, will be g→if id, where the power set `(g \ J)]. The index set J ∪ K is the union
the epistasis factor g→if, to be defined below, is a constant of indices from J and K, and it is understood that Ky 5 1
that depends only on the genetic background g. Thus, when K is empty.
all gene substitutions at this locus will be modified by If the reference genotype is changed, say from a geno-
the same factor. Together with the weak, but essential, type r to a genotype r 9, the reference effects and epistasis
assumption that the effect of a genotype is independent coefficients measured in r 9 are
of the order of substitutions that lead to the genotype,
we showed that the map from a genotype g to a univari-

iy9 5 r9→if(iy 2 iD), Jε9 5
r9→Jf Jε
pjPJ

r9→Jf
, (4)ate trait x can be represented as

x 5 x0 1 o
i

iy 1
1
2o

i
o
j?i

ijεiy jy 1 . . . 1
1
m! o

JPPm

JεJy 1 . . . , (1) where all entities on the right-hand side are measured
with reference to r, and iD is the reference effect of the
substitution at locus i that separates r 9 from r.where x0 is the value of x in the reference genotype, Pm

Proofs and further details are given in Hansen andis the set of all m permutations of loci from g, and Jy is
Wagner (2001). A further result that becomes impor-shorthand for the product Jy 5 PiPJ

iy. The epistasis coef-
tant below, and is proven in appendix a, is that theficient ijε represents the strength of the interaction be-
multilinear model can also be written in terms of epista-tween loci i and j. The higher-order epistasis coefficient

Jε represents the strength of interaction of loci in the sis factors as
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x 5 x0 1 o
i

g→if iy 2
1
2o

i
o
j?i

g→ijf ijεiy jy 2 . . . L 5 o
i

ĝ →if i ŷ 2
1
2o

i
o
j?i

ĝ →ijf ijεi ŷ j ŷ 2 . . .

2
(21)m

m! o
JPPm

ĝ →Jf JεJ ŷ 2 . . . . (10)2
(21)m

m! o
JPPm

g→Jf JεJy 1 . . . . (5)

Using (8) then givesTHE MUTATION LOAD

Let w be fitness with optimal (5 maximal) value w0. L 5 2o
i

iu 2 2o
i
o
j?i

ĝ →ijf ijεiu ju
ĝ →if ĝ →jf

2 . . .
Further, let the genetic architecture of fitness be de-
scribed as a multilinear form in the reference effects of

2
(22)m

m! o
JPPm

ĝ →Jf JεJu

pjPJ
ĝ →jf

2 . . . , (11)n diallelic loci. We start by using the optimal genotype
as reference.

Let ia be the deleterious reference effect of a heterozy- where Ju 5 pjPJ
ju. This solution is not complete since

gote at locus i. Technically this reference effect is then the epistasis factors are functions of the equilibrium
defined on a negative fitness scale (i.e., the reference gene frequencies. However, using (4), we may express
effect is 2ia on the fitness scale). This is convenient as the solution in terms of epistasis coefficients, Jε9, mea-
it allows us to represent deleterious effects as positive sured with reference to the background ĝ , as
numbers. Let ip be the frequency of the deleterious

L 5 2o
i

iu 2 2o
i
o
j?i

ij ε9iu ju 2 . . .nonrecessive allele at locus i, and let its mutation rate
per allele per generation be iu. The mean deleterious
reference effect of the locus is then i y > 2iaip. Observe

2
(22)m

m! o
JPPm

J ε9Ju 2 . . . . (12)
that the actual fitness effect of the heterozygote in a
given genetic background, g, is (2g →if ia). Using this,

Note that no other parameters need to be changedand assuming all loci are in coupling equilibrium and
as mutation rates are invariant to choice of referenceignoring back mutations, we have
genotype. Provided coupling disequilibrium can be ig-

Dip > 2g →if iaipiq 1 iuiq, (6) nored, this equation constitutes an approximate solu-
tion to the mutation load with multilinear epistatic inter-where iq 5 1 2 ip, and g 5 {1y , . . . , ny } is a genotype
actions of arbitrary order.in which each locus has the reference effect equal to

Equation 12 does not actually predict the equilibriumthe population average. In mutation-selection balance we
mean fitness given a priori mutation rates and other genet-get
ics parameters. The reason is that the epistasis coefficients

ĝ →if iaip̂ 5 iu, (7) in (12) are defined and measured at mutation-selection
equilibrium and are thus strictly spoken functions ofĝ →if i ŷ 5 2iu. (8)
the model variables rather than constant parameters.

A carat (^) above a symbol is used to denote equilibrium However, there is an interpretation of this equation that
value. In appendix b we show that the exact same rela- is nevertheless useful. The first term, 2Ri

iu 5 U, where
tionship holds also when there are multiple deleterious U is the total genomic deleterious mutation rate, is the
alleles at the locus provided iu is interpreted as the genetic load of a strictly additive system in mutation-
total deleterious mutation rate at the locus. A sufficient selection equilibrium. This term is invariant to the
condition for local stability of the equilibrium is also change in reference genotype that allowed us to derive
provided in appendix b. this equation. The equation thus predicts to what extent

Again assuming coupling equilibrium, the average the mean fitness of a population with interaction effects
fitness is is different from that of an additive model. The degree

of deviation from the additive prediction is determined
w 5 w0 2 (o

i

i y 1
1
2o

i
o
j?i

ij εi y j y 1 . . . 1
1
m! o

JPPm

J εJ y 1 . . . ). by the strength of interaction as measured in the equilib-
rium population. This has the advantage that the rele-

(9)
vant epistatic interaction strength is operationally de-
fined in the population rather than with reference toNote that a positive epistasis coefficient describes en-
some usually unknown “optimal” genotype. Hence thehancement of the deleterious effects at a group of loci.
relevant strength of interaction in this formulation isThus, positive epistasis coefficients represent synergistic
actually measurable, while in the original formulationepistasis among deleterious mutations and negative
it may not be, unless the optimal genotype is availableepistasis coefficients represent antagonistic epistasis.
for experimentation.The genetic load is L 5 w0 2 ŵ . Rewriting (9) as a

A further result, which is established in appendix c,load, and then using the expansion into epistasis factors
(i.e., Equation 5), we get is that if w(1y9, . . . , ny9) is the fitness of a genotype as
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measured in the equilibrium, then the fitness of the epistasis coefficients near zero. Nevertheless, provided
the interaction density is not too low, we suggest thatoptimal genotype is
higher-order interactions may strongly influence the

w0 5 w(221u, . . . , 22nu). (13) load when U is large.
A surprising result is that the sign of the effects ofThis result is useful for computing the load of a given

synergistic epistasis seems to depend on whether thefitness function. For example, if fitness is multiplicative
interaction is among an odd or even number of genes.at equilibrium, w 5 Pi(1 2 i y9), then the optimal geno-
The opposite effects of even- and odd-order synergistictype has fitness
interactions on genetic load need careful interpreta-

w0 5 p
i
(1 1 2iu) 5 Exp[U]. (14) tion. If we start with (11) describing the solution when

effects are measured in the optimal genotype, we can
As the mean of iy9 is zero, the mean fitness is one. Thus, observe that there are two effects of epistasis of a given
we have established the classical result that the ratio of order. One is given directly and the other is given as a
mean to maximum fitness is Exp[2U] under multiplica- modification of lower-order effects through the epistasis
tive epistasis (e.g., Charlesworth 1990b). factors. By differentiation of (11) it can be shown that

increasing any epistasis coefficient will lead to a reduc-
tion in the load provided all the single-locus epistasisEFFECTS OF EPISTASIS ON THE MUTATION LOAD
factors are relatively close to one. Thus, at least for weak

The first term in (11) and (12) corresponds to the epistasis, synergistic interactions of any order will reduce
classical result (Haldane 1937) L 5 U for the mutation the load.
load of a trait with an additive genetic basis. If epistasis However, as can be seen from (12) and (15), odd-
is present this can be modified in various directions. To order synergistic epistasis as measured with reference
see the effects more transparently, we can rewrite (12) as to the equilibrium population always elevates the load.

To understand how this is possible we may consider
L 5 U 2

1
2

(2)ε9U 2 2 . . . 2
(21)m

m!
(m)ε9Um 2 . . . , (15) what will happen if we take a population where both

second- and third-order epistasis are synergistic with
where (m)ε9 5 RJPPm

Jε9pjPJ(2ju/U) is an effective epistasis reference to the optimal genotype and then measure
the interaction strengths in the equilibrium population.coefficient of order m, which can be interpreted as a

measure of the average direction of mth-order epistasis. What we will observe is that second-order interactions
will be much stronger (relative to a population withoutThe second term in this equation shows that synergistic

pairwise epistasis reduces the mutation load in a sexual synergistic third-order interactions; synergistic pairwise
epistasis will in fact be weaker at equilibrium if therepopulation. This is consistent with the results of Kimura

and Maruyama (1966) and Charlesworth (1990b) are no higher-order interactions), while third-order in-
teractions will be weaker. Thus, the two results are con-who, on the basis of a model where fitness was a qua-

dratic function of number of deleterious alleles in the sistent. This underscores the importance of knowing
exactly in what sort of genetic background epistatic ef-genotype, showed that synergistic interactions would

reduce the load. This effect is proportional to the square fects are measured.
Effects of variation in epistasis: It has been arguedof U, and may be substantial if U is substantially .1

(Kondrashov 1988). that variation in epistatic interactions across loci will
elevate the load and make the evolution of recombina-A novel result of some interest is that higher-order

epistasis potentially may have very strong effects on the tion less favorable (Otto and Feldman 1997; Phillips
et al. 2000). As gene interaction is likely to be extremelyload if U is large. This is because the effect of mth-

order epistasis is proportional to Um. Of course, this variable, this is a potentially fatal argument against the
hypothesis that recombination is an adaptation to re-interpretation depends critically on the effective epista-

sis coefficients of higher order not being vanishingly duce the mutation load. These results were based on
the analysis of two-locus models, and it is of interest tosmall. There are several reasons why coefficients of

higher order may be expected to be smaller. First, note see how they hold up in a multilocus analysis.
The effect may be seen most clearly with second-that the effective epistasis coefficients are strict averages

of the individual epistasis coefficients only if all loci have order epistasis measured with reference to the optimum
genotype [see (11)]. Observe that the epistasis coeffi-equal mutation rates and the number of loci is much

larger than the order of the interaction. The second cients are weighted with the inverse of single-locus epi-
stasis factors. If there is a lot of variation in epistaticof these caveats is unlikely to be important as fitness

components are usually influenced by many loci. How- interactions, the epistasis factors will be variable. Some
will be larger than one and some will be smaller thanever, unequal mutation rates may reduce higher-order

effective coefficients well below the average interaction one. If a locus has a lot of antagonistic epistatic interac-
tions with other loci, the epistasis factor acting on thisstrength. Second, functional epistatic interactions among

many loci may be very infrequent, making the effective locus will tend to become less than unity. This will en-
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hance the effect of all interactions involving this locus. 2, which would be necessary if U 5 1, means that an
average deleterious mutation with a 1% effect on fitnessTherefore, the load-elevating effects of antagonistic

epistasis will tend to be enhanced by variation in epi- would increase the effects of other mutations at least
2% on average. Given that not all mutations affect eachstatic interactions. Similarly, the load-reducing effects

of synergistic epistasis will be diminished, and we predict other, this must be considered strong epistasis. If U 5
10, a mutation with a 1% effect needs to increase thethat variation in pairwise epistasis will increase the load.

However, this argument pertains to epistatic interac- effect of other mutations at least 0.11% on average.
We add the caveat that the above analysis presupposestions measured with reference to the optimum geno-

type. Variation in epistasis measured in the equilibrium that both sexuals and asexuals are in mutation-selection
equilibrium when they start to compete. If an asexualgenotype has no inherent tendency to elevate the load

[see (12)]. For this reason, there are heuristic advan- clone arises directly from the sexual population itself,
it may be able to invade before it has acquired an ele-tages to measuring directional epistasis in the average

genotype, as this can be used to assess its effects on the vated load. Thus, complicated dynamics may easily en-
sue, where asexuals first spread and then get outcom-load in an unbiased fashion.
peted as their loads increase.

Equation 18 indicates that sex is most likely to be
THE AMOUNT OF GENE INTERACTION NECESSARY favored when the per capita growth rate is low. If compe-

TO MAINTAIN SEX tition between sexual and asexual individuals is limited
to periods of rapid population growth, as may happen inGiven (15) one may ask how strong epistasis needs
an r-selected species, sexual reproduction will be moreto be to compensate for the twofold advantage of asexual
difficult to maintain.reproduction. Let W(N) be the per capita growth rate

In conclusion, sex is likely to be favored if the genomeof a mutation-free sexual population as a function of
is large (i.e., U is large) and the growth rate is low.population density, N. All else being equal we expect
Assuming that there is no intrinsic difference in thethe growth rate of a mutation-free asexual clone to be
average degree of gene interaction between organisms2W(N). Assume that the deleterious mutations have the
with small genomes and those with large genomes, sexsame effects on fitness at all densities. In mutation-selec-
is expected to be more readily maintained in slowlytion equilibrium the mean fitness of a sexual population
reproducing organisms with many genes. This is consis-will then be
tent with a number of natural history facts. For instance,
the frequency of asexually reproducing species is lowerWsex 5 W(N) 2 U 1

1
2

(2)ε9U 2 1 . . . , (16)
among higher animals with large genomes and slow
reproduction. Another pattern is the prevalence of par-and that of the asexual clone,
thenogenetic species in pioneer species that are charac-

Wclone 5 2W(N) 2 U. (17) terized by high reproductive rates. We note, however,
that there are other hypotheses that can account forIf we assume only pairwise epistasis, it is easy to see from
these differences (Maynard Smith 1976; Bell 1982).these equations that Wsex $ Wclone if

THE FIXATION LOAD(2)ε9 $
2W(N)

U 2
. (18)

Another consequence of synergistic epistasis is its po-
In a sexual population at equilibrium density, W(N̂) 5 tential ability to halt Muller’s ratchet in asexuals (Kon-
1 1 U 2 1/2(2)ε9U 2, and using this we can show that drashov 1994). However, this may be unlikely as it
the population can resist invasion from an asexual clone depends critically on the unrealistic assumption that the
if effects of all mutations are the same (Butcher 1995).

Here, we suggest another potentially important role for
(2)ε9 $

1 1 U
U 2

, (19) epistasis in the fixation of deleterious mutations.
We suggest that synergistic epistatic interactions tend

to become reduced and antagonistic interactions ele-and it can be shown that the exact same criterion allows
a sexual population to invade an asexual clone at its vated as we move away from the optimum genotype.

This comes about because the effect of a new deleteriousequilibrium density.
This implies that sex is likely to be maintained by mutation in a background g is g→if id. Due to the fact

that the epistasis coefficients that determine the epista-synergistic epistasis only if the total genomic mutation
rate is large. Given estimates of U and of directional sis factor are symmetrical across loci (ijε 5 jiε, and so

on), this means that a mutation on a locus with a lotepistasis, (19) provides a test criterion that can be used
to evaluate whether synergistic epistasis could be strong of antagonistic interactions with other loci will tend to

have reduced effect due to segregation or fixation ofenough to maintain sex. To interpret this result it is
useful to observe that an epistasis coefficient equal to mutations on other loci. Therefore, its fixation probabil-
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ity will be increased. For the same reason, a mutation refined. We have confirmed the insight that the muta-
tion load is reduced by synergistic epistasis, at least aswith a lot of synergistic interactions will have reduced

fixation probability. Due to the fact that the fixation long as the epistatic effects are not very strong. However,
this is strictly true only if the statement refers to geneprobability of deleterious mutations is an extremely

nonlinear function of the effect of these mutations interactions measured in the optimal genotype. As mea-
sured in the equilibrium population, synergistic interac-(Bürger and Ewens 1995), this may lead to extreme

differences in the fixation probabilities of mutations tions among odd-numbered genes will in fact always
elevate the load. Note, though, that this may then bewith different sorts of epistatic interactions. The ratchet

clicks faster with antagonistic epistasis. compensated by a relative increase in even-ordered in-
teraction strengths.The implication of this is that the process of fixing

deleterious mutations may be associated with the evolu- The asymmetry between odd- and even-ordered epi-
stasis is indeed a puzzling result. One interpretationtion of antagonistic epistatic interactions, and this will

be true for epistasis of all orders. If there are suites of (suggested by J. Hermisson, personal communication)
is that it may be due to an asymmetric effect of even- andmutations with mutually antagonistic interaction (e.g.,

compensatory mutations), then the fixation, or even odd-ordered epistasis on beneficial alleles. At equilib-
rium, a synergistic interaction among an even numbersegregation, of some of these will alter the genetic back-

ground in a way that may greatly elevate the fixation of deleterious alleles implies an antagonistic interaction
among alleles that are beneficial relative to the mean.probability of the other mutations. Thus, in small popu-

lations, we may expect a genetic architecture where However, a synergistic interaction among an odd num-
ber of deleterious alleles implies a synergistic interactionmany alleles have strong deleterious effects with refer-

ence to an optimal or ancestral genotype, but where among beneficial alleles. It is possible that this asymme-
try can explain the different effects on the load of even-antagonistic epistasis keeps the fixation load bounded.

Note also that, in such a population, the individual and odd-order interactions as measured in the “average
genotype.”epistatic interactions as measured in the optimal geno-

type do not have to be strong. Thus, it is essential to Variation in pairwise epistatic interactions may indeed
be said to elevate the load if the statement refers tomeasure epistatic interactions with reference to the pop-

ulation in which they occur. The effect of such a process pairwise epistasis measured with reference to the opti-
mal genotype (as in Otto and Feldman 1997; Phillipson the evolution of recombination needs investigation.
et al. 2000). However, we found no obvious relationship
between the size of the load and variation in epistasis

DISCUSSION AND CONCLUSION
as measured in the equilibrium population.

Epistatic interactions have been measured in a num-Epistasis is an evolving entity. The phenotypic effects
of gene interactions depend on the genetic background ber of studies including quantitative trait loci data (e.g.,

Cheverud 2001) or in genotypes in which mutationsin which the interactions take place and will change
when the genetic background is changing. This has also have been induced or been allowed to accumulate

Mukai 1969; Clark and Wang 1997; Whitlock andbeen found in empirical studies (Moreno 1994; Polac-
zyk et al. 1998). Therefore, both empirical and theoreti- Bourguet 2000 in Drosophila; De Visser et al. 1996,

1997a in Chlamydomonas; De Visser et al. 1997b incal studies should pay close attention to the genetic
background in which epistasis is measured. The concept Aspergillus; Elena and Lenski 1997 in Escherichia coli).

Before such estimates can be related to the mutationof a reference genotype makes this explicit, and has
led to several new insights about the effects of gene load and used to test evolutionary hypotheses, the ge-

netic background in which they are measured shouldinteraction on the mutation load.
What do the results imply for the maintenance of sex be precisely characterized. If the genetic background

can be assumed to have reached mutation-selectionand recombination? The most important implication is
that the pattern of higher-order epistasis may be impor- equilibrium, then the effects of induced mutations can

be interpreted with our equilibrium reference theory,tant. The deterministic-mutation hypothesis (Kondra-
shov 1988) depends on a large value of the total delete- and their impact on the load and the advantage of

recombination can be evaluated by (15) and (19).rious mutation rate, U, and this is precisely the situation
in which higher-order interactions start to affect the Unfortunately, with the possible exception of Elena

and Lenski’s (1997) study of asexual prokaryotes, noload. How large U needs to be before higher-order inter-
actions become important depends critically on the rela- existing studies can be said to measure gene interactions

with reference to an equilibrium background or to antive strength of higher-order epistasis. Although diffi-
cult, the estimation of higher-order epistasis coefficients optimal background. There is a need for measures of

epistasis in wild-type backgrounds, or at least in back-may be helpful to understand the role of epistasis in
the maintenance of sex and recombination. grounds where the fitness effects of the genetic differ-

ences to a wild-type or optimal genotype are known, soThe notion that synergistic epistasis is reducing the
load in a sexually reproducing population has also been that the effects of a change in reference can be assessed.
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Proof : We need to show that the formula is equivalent Diq 5 Dkixl 5 Cov[w, ix] 1 kDixl < 2 g →if Cov[i y, ix] 2 i ui q
to the multilinear model,

< 2g →if 112i y i q 2 i y i q2 2 i ui q 5
1
2

g →if i y i q 2 i ui q.
x 5 x0 1 o

i

i y 1
1
2o

i
o
j?i

ijεi yj y 1 . . . 1
1
m! o

JPPm

JεJ y 1 . . . .
(B1)

(A3)
Here the variable iy is assumed to take the value i y/2 if

As the two equations contain exactly the same types of ix 5 1 and i a if ix 5 0. The second term in the equation
terms, it suffices to show that the coefficients for the represents the change in iq due to mutation. Thus, iu is
terms match in the two formulas. Let the kth-order set the probability per allele of mutating away from the
of terms in the epistasis-factor expansion be written optimal state. With small mutation rates this will equal

the sum of the probabilities of all possible deleterious
ak o

JPCk

g →Jf JεJ y 5 ak o
JPCk

Jε Jy 1 o
RP`(g\ J)

R ∪JεRy
Jε 2, (A4) mutations at the locus. We ignore back mutation. Thus,

(8) is valid for multiple alleles provided iu is interpreted
where Ck is the set of all k combinations from g, and ak as the total deleterious mutation rate at the locus.
is the coefficient pertaining to this term. By hypothesis The local stability of the equilibrium reference effects
ak 5 (21)k11, and we proceed to verify that this indeed can be investigated through the Jacobian matrix for the
makes the two equations equal. We can write (A4) as a system of equations
sum over terms of order m,

Di y 5 22i aDiq 5 (i a 2 i y/2)(2iu 2 g →if i y), (B2)
ak o

m$k
o

JPCk

o
Cm2k(g\ J)

R ∪JεJ yRy, (A5)
which is derived from (B1) by using i y 5 2i a(1 2 iq).
Differentiating and evaluating at the equilibrium thenwhere Cm2k (g \ J) is the set of all (m 2 k) combinations
gives 1 2 ĝ →if (ia 2 i ŷ/2) for the ith diagonal elementfrom the set g \ J. Changing this from combinations to
of the Jacobian and 2ĝ →ijf ijεi ŷ(i a 2 i ŷ/2) for the ijthpermutations we get
off-diagonal element. To obtain this, it helps to note
that ]g →if/]jy 5 g →ijf ijε.ak o

m$k
o
JPPk

o
Pm2k(g\ J )

R ∪JεJ yRy
k!(m2k)!

5 ak o
m$k

o
JPPm

JεJ y
k!(m2k)!

,
Stability requires that all eigenvalues of the Jacobian

are inside the unit circle in the complex plane. Note(A6)
first that, as long as the epistasis factors are positive, the

where Pm2k (g \ J) is the set of all (m 2 k) permutations diagonal elements are always less than one. Gersch-
from the set g \ J. We can now compare this to the corre- gorin’s theorem says that all eigenvalues must be inside
sponding term in the multilinear model: the union of the disks centered at the diagonal elements

with radii equal to the sum of the absolute values of the
o
k#m

ak o
JPPm

JεJ y
k!(m2k)!

5
1
m! o

JPPm

JεJ y. (A7) off-diagonal elements in the corresponding row. Thus,
a sufficient condition for local stability is that the follow-

This leads to the equation ing relations hold for all loci, i,

ĝ →if . 01
m!

5 o
m

k51

ak

k!(m2k)!
, (A8)

ĝ →if 2 . 2iuo
j
|ĝ →ijf ij ε|

which can be written in the form
2ĝ →if . (i a 2 i ŷ/2)(ĝ →if 2 1 2iuo

j
|ĝ →ijf ijε|). (B3)

am 5 1 2 o
m21

k51
1mk 2ak, (A9)

This criterion shows that the equilibrium is stable as
by hypothesis ak 5 (21)k11, from which it is easily verified long as epistasis and the deleterious heterozygote effects
that am 5 (21)m11 for all m. QED of mutations are not extremely strong. It also indicates

that synergistic epistasis tends to promote stability, as
the epistasis factors on the left-hand sides in (B3) areAPPENDIX B
then .1. Antagonistic epistasis reduces the epistasis fac-

If there are multiple alleles segregating at a locus we tors, and, for mutations with small effects, an unstable
can derive (8) in the following way. Let iq be the fre- equilibrium only seems plausible in situations involving
quency of the optimal allele at locus i, and let i a be the strong antagonistic epistasis.
average deleterious reference effect of the locus when
a deleterious allele is present. The mean reference effect
at the locus is then i y 5 2i a(1 2 i q). Let ix be an indica-

APPENDIX C
tor variable that takes the value 1 if a random allele

Result: If w(1y9, . . . , ny9) is the fitness of a genotypeat locus i is the optimal allele and 0 otherwise. The
as measured in mutation-selection equilibrium, then theexpectation of ix is then iq. The Price equation then

gives fitness of the optimal genotype is

D
ow

nloaded from
 https://academ

ic.oup.com
/genetics/article/158/1/477/6052449 by guest on 23 April 2024



485Epistasis and the Mutation Load

w0 5 w(221u, . . . , 22nu). (C1) the change of reference formula (4) to compute the
reference effects measured at equilibrium.

Proof: When we use the mutation-selection equilibrium
genotype as reference genotype, the mean reference i y9 5 ĝ →if (i y 2 iD) 5 ĝ →if (0 2 2iu/ĝ →if)
effects are 0 at all loci. Thus the mean fitness is w(0,

5 22iu. (C2). . . , 0). To find the fitness of the optimal genotype, all
we need to do is to find the reference effects of the The variable iD is the effect of the new reference as
optimal genotypes at each locus and substitute into measured in the old reference. Thus, in (C2), iD is
w(1y9, . . . , ny9). the mean effect at the locus as measured in optimal

Obviously, the reference effects of the single-locus genotype. This is given in (8) as i ŷ 5 2iu/ĝ →if.
optimal genotypes are 0 when measured in the optimal

QEDgenotype. We use this as a starting point, and apply
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