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ABSTRACT 

The probabilities of obtaining particular samples of gametes with two com- 
pletely linked loci are derived. It is assumed that the population consists of N 
diploid, randomly mating individuals, that each of the two loci mutate according 
to the infinite allele model at a rate p and that the population is at equilibrium. 
When 4Np is small, the most probable samples of gametes are those that segregate 
only two alleles at either locus. The probabilities of various samples of gametes 
are discussed. The results show that most samples with completely linked loci 
have either a very small or a very large association between the alleles of each 
locus. This causes the distribution of linkage disequilibrium to be skewed and 
the distribution of the correlation coefficient to be bimodal. The correlation 
coefficient is commonly used as a test statistic with a chi square distribution and 
yet has a bimodal distribution when the loci are completely linked. Thus, such a 
test is not likely to be accurate unless the rate of recombination between the loci 
and/or the effective population size are sufficiently large enough so that the loci 
can be treated as unlinked. 

OR the last 15 y r  there has been a great deal of interest in the patterns of F association between alleles at different loci. Electrophoretic surveys of nat- 
ural populations have routinely scored more than one locus and have presented 
population geneticists with a wealth of multilocus data. A large amount of 
theoretical results has been derived to help interpret this data. However, most 
of this theory deals with the expectations of two-locus quantities; there has been 
no sample theory developed. Moreover, application of the theory to the data 
often consists of simply matching the expected and observed moments. This 
paper examines the two-locus sampling distribution associated with a large, finite 
population. 

Linkage disequilibrium is one measure of the nonrandom association between 
alleles at different loci and is a fundamental part of the multilocus structure of 
natural populations. For two loci each with two alleles, linkage disequilibrium is 
defined as 

where$, is the frequency of gametes carrying the ith allele at locus A and thej th  
allele at locus B and where pi, q, are the frequencies of the ith allele at locus A 
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258 G .  B. GOLDING 

and thejth allele at locus B, respectively. When many alleles are possible at each 
locus, the linkage disequilibrium between the ith allele at locus A and the j t h  
allele at locus B is correspondingly defined as 

D. .=f . -P .  . 
4 rl 143' 

Several authors (HILL and ROBERTSON 1968; HILL 1976, 1977; SVED 1971) 
have shown that when linkage disequilibrium is defined in this way, it is sensitive 
to allele frequencies and may not be an accurate measure of the association 
between alleles. Therefore, the correlation coefficient, defined as 

U = D/JP(l - P)d1 - 4) 
for a two-locus, two-allele model), has also been examined. (For a multiple allele 
analogue of U see HILL 1975.) 

In a finite, random mating, equilibrium population with no selection, the 
expected linkage disequilibrium is zero. The expected value of c is usually 
calculated as the ratio of two expectations and this has been called the standard 
linkage deviation by OHTA and KIMURA (1 969). When calculated in this way, the 
expected correlation coefficient for a finite, random mating, equilibrium popu- 
lation with no selection is also zero. Epistatic selection can create a nonrandom 
association between alleles and, because of this, linkage disequilibrium has been 
extensively used in the search for the effects of selection in natural populations. 
A large number of populations have been surveyed for nonrandom associations 
as evidence of selection (reviewed in LEWONTIN 1974; NEVO 1978; BROWN 
1979). 

Linkage disequilibrium can also be generated by random drift in finite popu- 
lations, as is reflected in the variance of linkage disequilibrium. Over conceptually 
replicate, finite populations the variance of linkage disequilibrium is not zero 
(HILL and ROBERTSON 1968; OHTA and KIMURA 1969; WEIR and COCKERHAM 
1974; HILL 1975). Data on linkage disequilibrium has also been used to estimate 
effective population sizes (HILL 198 1) and to find possible effects of population 
subdivision and demography (e.g., SMOUSE, NEEL and LIU 1983). 

The accuracy of these studies on the association between alleles at different 
loci depends upon several factors. For example, it is important to include a 
correction for bias when frequencies are estimated from a sample (e.g., see 
COCKERHAM and WEIR 1977; WEIR and HILL 1980). The accuracy also depends 
on the magnitude of the variance. The variance for D is known and the variance 
of U can be approximated. HILL (1 977) used a Taylor's series expansion to show 
that the coefficient of variation of the correlation coefficient can be large (above 
100%). GOLDINC and STROBECK (1983) have also shown that CCD$ (a measure 
of the average squared linkage disequilibrium for a multiple allele model) has a 
very large Coefficient of variation (up to 500%). These studies and the large 
variance of D suggest that linkage disequilibrium may not have a simple distri- 
bution. 

Previous studies have examined the mean or the expectation of linkage 
disequilibrium and the correlation coefficient. In this paper, the sampling distri- 
bution of these quantities are examined with a numerical method that evaluates 

D
ow

nloaded from
 https://academ

ic.oup.com
/genetics/article/108/1/257/6097491 by guest on 25 M

ay 2023



LINKAGE DISEQUILIBRIUM 259 

the probability of particular samples of gametes. Two cases in particular are 
examined: that in which two loci are completely linked and that in which there 
is free recombination between two loci. The effects of sampling are determined 
and their influence on the distributions of both D and U are examined. 

THEORY 

Consider a finite population with N diploid individuals. Denote the two loci 
by A and B and let the alleles at locus A mutate to unique, selectively neutral 
alleles at a rate p1 per gamete per generation (as per the infinite allele model of 
KIMURA and CROW 1964). Let the alleles at locus B mutate to unique, selectively 
neutral alleles at a rate p2 per gamete per generation. Define Bi = 4Nb. Let the 
probability of recombination between the two loci be r per gamete per genera- 
tion. 

It is assumed that a new population of N diploid individuals is produced each 
generation by a random sampling (with replacement) of the gametes of the 
previous generation. The probability of obtaining particular samples of gametes 
is used to describe the genetic structure of such a population over time. As an 
example, consider the probability of obtaining a sample of two identical genes 
(sampled without replacement). It was shown by MAL~COT (1948) that a recursion 
relationship can be built for this probability that relates the value in generation 
t + 1 to the value in generation t .  This is done by determining how the mating 
scheme, mutation and other factors influence the probability. Along with this 
information, the probability in generation t is sufficient to describe enough of 
the structure of the population in generation t + 1 to calculate the new proba- 
bility. The sampling of two genes can be hypothetical and need not be actually 
carried out each generation. It is also known that this probability is approximately 
equal to the homozygosity of a random-mating population. Thus, the value of 
this probability also provides information about gene frequency moments in the 
population. There is no reason to limit consideration to only two genes or only 
one locus, and I examine in this paper the probability of samples with two loci 
for an arbitrary number of gametes. 

The possible samples of gametes that can be obtained are described by a 
matrix M. All gametes are drawn at random, without replacement. The elements 
of this matrix denote the number of gametes sampled with different combinations 
of alleles at locus A and locus B.  In particular, let nv be the number of gametes 
samples that contain alleles Ai and B,. The numbering of alleles is arbitrary and 
is intended to describe the relationships between different gametes, not some 
individual allelic type. Thus, the matrix with 1211  = 2 and with all other nv = 0 
denotes a sample of two gametes both carrying the same alleles at loci A and B.  
Let no, be the number of gametes sampled with allele B, (in this case, the alleles 
at locus A are to be ignored) and nio be the number of gametes sampled with 
allele Ai (in this case, the alleles at locus B are to be ignored). Again, the 
numbering of alleles is arbitrary and is used only to describe the type of sample 
obtained. The latter two classes of samples provide a convenient way to describe 
the effects of mutation and recombination. They are also useful to describe the 
probabilities of incomplete sets of data in which only one locus of particular 
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260 G .  B. GOLDING 

For the matrix of gametes {; Bi B; Bs . .} 
A1 AiBi A I &  AiBs . . 
A2 AzBi A& AzBs . . 
. .  . . .  

. . .  
The number sampled of each gamete type is 

FIGURE 1 .-Diagrammatic explanation of the matrix M. 

gametes could be determined. For example, a sample of ten gametes with eight 
AIBl gametes, one A2B2 gamete and one gamete with an A2 allele but with an 
unknown allele at locus B can be described as n11 = 8, n22 = 1, n20 = 1 
(equivalently, n22 = 8, n11 = 1, nlo = 1). Note that nio and noj are not marginal 
numbers and can form parts of the sample on their own. This notation is 
diagrammatically outlined in Figure 1. The element no0 is defined to be zero. 
Denote by 4M the probability of obtaining the sample of gametes described by 
the elements of the matrix M. Denote by @M the expectation of this probability 
over conceptually replicate populations. MAL~COT’S (1 948) probability for a 
single locus (say locus A )  is M with n10 = 2 and all other ng = 0. Similarly, each 
of these probabilities corresponds to an expected gene frequency moment. In 
particular, 

whereJj is the frequency of gametes in the population carrying alleles A, and Bj 
and pi is the frequency of gametes carrying alleles Ai. The sums extend over all 
possible alleles at each locus. 

The recursion equation for the probability of a general matrix, @M, is pre- 
sented in APPENDIX 1. In this equation, the notation @M[n, + k] denotes the 
probability of the same sample of gametes but with the i,jth element changed 
from no to ng + k (so that, M[ng + 11 denotes the same matrix but with one extra 
gamete of the type with alleles Ai and Bj). This equation describes the probability 
of a sample of gametes in the present generation in terms of the probabilities of 
samples in the previous generation. Successive samples each generation do not 
have to be obtained since it is only their probability that is of interest. The 
probabilities of all possible arrangements of gametes in the previous generation 
that could give rise to the desired sample must be considered in turn. 
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LINKAGE DISEQUILIBRIUM 261 

For example, assume that two of the gametes (of the i,jth type) sampled from 
the present generation are copies of one gamete in the previous generation. This 

will occur with the approximate probability of (".) where nu is the number 

of gametes of the i,jth type sampled. Given that all other things remain constant 
(no mutation, no recombination), the probability of the desired sample is equal 
to the probability of the same sample of gametes in the previous generation but 
with one less gamete of the i,jth type (denoted by @M[ny - 11). Every gamete 
type that is present more than once in the sample could have two gametes that 
are copies of one gamete in the previous generation. 

The effects of mutation must also be considered. As an example, assume that 
a mutation occurred at the A locus on one of the i,jth gametes. From one 
generation to the next, this has probability P I  and, because an infinite alleles 
model is used, this mutant will be a unique allele. This mutational event does 
not contribute any probability to the desired sample when the mutation occurs 
on a gamete that must be identical at the A locus to another gamete. Mutational 
events contribute only when there are no other gametes carrying that particular 
type of A allele. When this is the case, the probability of the desired sample is 
given by the probability of the same sample of gametes in the previous generation 
but with one less gamete of the i,jth type and with an extra B allele of thejth 
type (the B locus linked to the mutated A allele). This is denoted by @M[nu - 1, 

In this way a recursion relationship is built for the probability of any particular 
sample of gametes. These two examples form two of the terms of the equation 
in APPENDIX 1. This equation is a generalization of that derived in GOLDING and 
STROBECK (1983) and, therefore, will not be rederived in its entirety. The 
assumptions involved in this equation are that 1/N, pl, p 2 ,  r << 1, and that CZnv 
<< N .  This last assumption states that the total number of gametes sampled is 
small relative to the total population available. This assumption is necessary so 
that it is unlikely for more than two gametes to be a copy of one gamete in the 
previous generation. It also eliminates the necessity of examining the possibility 
that two pairs of gametes are copies of two gametes in the previous generation. 

The recursion equations can be solved numerically at equilibrium for two 
values of 4Nr: 4Nr = 0 and 4Nr >> 1. A sample taken from nature must be 
between these two extremes. Although the recursion equations have been written 
with the assumption that r << 1, they can be modified to eliminate this assumption. 
When this is done, it can be seen that, with 4Nr >> 1, the probabilities of 
obtaining particular samples of gametes are given by the product of the corre- 
sponding values for a single-locus model (to an order of l / N ) .  Alternatively, the 
equations in APPENDIX 1 can be used with 4Nr >> 1 to show the same thing. The 
equations were solved numerically for the values of 4Np1 and 4Np2 given in 
Table 1 and with 4Nr = 0 and 4Nr >> 1. The results were checked in several 
different ways to ensure their accuracy as indicated in APPENDIX 2. 

The probability for each matrix, @M, denotes only the probability of obtaining 
a particular sample of gametes with the appropriate structure. There are many 
different ways of obtaining a particular structure between gametes by renum- 

2 2N' 

noj + 11. 
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262 G. B. GOLDING 

TABLE 1 

The values of 01 and 02 used 

0.05 
0.05 
0.1 
0.1 
0.1 
0.2 
0.2 
0.1 
0.5 
0.5 

0.05 
0.1 
0.05 
0.1 
0.2 
0.1 
0.2 
0.5 
0.1 
0.5 

~ ~ ~~ 

4Nr = 0 and 4Nr >> 1. 

bering the alleles. For example, if only a single locus is considered, there are 
three ways of obtaining a sample of alleles with two alleles of one kind and one 
of another kind, i .e. ,  

2A1 A2 
(the first, second or third gamete sampled can carry the unique allele). Three is 
the multinomial coefficient for a sample in which one of three things is different. 
However, there are only 15 ways of obtaining 

2A1 2A2A3 
and not 30 ways as suggested by the multinomial. For a sample of gametes, 
considering only one locus, the number of different ways of obtaining any sample 
is known. In this case it is given by 

where nio is the number of gametes sampled with allele i and where ao) is the 
number of nio’s that are equal t o j  (FELLER 1968; KARLIN and MCGREGOR 1972). 
The division by a(j)! is necessary to eliminate those samples of gametes that have 
the same structure except for the numbering of alleles. In the above example, 
the multinomial coefficient is divided by 2! because the alleles A1 and A2 can be 
renumbered with no change to the structure of the sample. 

To deal with the two-locus situation, a computer program was written to count 
the number of ways of obtaining a particular sample. This was done by inter- 
changing the numbering of the alleles and summing the number of changes that 
gave the same sample. The overall probability of a sample of gametes was then 
calculated as the product of the probability (obtained from the equations in 
APPENDIX 1) and the number of ways this sample could occur. 

Samples of gametes are presented here so that the alleles of the most common 
gametes have the lowest indexing number. For example, a sample with 2A1 
alleles and SA2 alleles would be renumbered as SA1 and 2A2. Some type of 
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LINKAGE DISEQUILIBRIUM 263 

numbering system is applied to every real sample examined. One such system 
was discussed by LANGLEY and CROW (1 974). They numbered the alleles so that 
the most common allele had the lowest number. This method leaves uncertainty 
about the sign of D for a few unusual samples of gametes. The numbering system 
used here (depending on the most common gamete) eliminates uncertainty about 
the sign of disequilibrium. Both systems are quite similar. Any numbering system 
will affect the expected linkage disequilibrium in a sample. For example, num- 
bering by the most common gamete implies that a perfect negative correlation 
cannot be obtained, since a renumbering of the alleles leads to a perfect positive 
correlation. 

RESULTS 

The total number of different arrangements of gametes, each with two loci, 
that can be obtained in a sample, is very large even when the size of the sample 
is small. For samples of three gametes there are ten different samples possible. 
For samples of four gametes there are 33 different samples possible and the 
number continues to increase very quickly. Therefore, it is practicable to examine 
only a fraction of all possible samples. For small mutation rates (say fli C 0.2), the 
probability of more than two alleles segregating at a locus is small and, therefore, 
only those samples with two alleles per locus are presented. 

The probabilities for some samples with more than two alleles at a locus were 
also determined. These were confirmed to be much smaller than those presented. 
The results are given here for 81 = 82 = 0.1. The results for the other values of 

and e2 in Table 1 were qualitatively similar, even when the two mutation rates 
were quite different (8 ,  = 582) .  

For a sample size of ten gametes, every possible arrangement of gametes with 
two alleles segregating at each locus can be enumerated. For each of these 65 
samples, the following were calculated: their equilibrium probabilities, the num- 
ber of ways the sample can be obtained, the linkage disequilibrium and the 
correlation coefficient. A summary of the results is presented in Table 2 with 
4Nr >> 1 and 4Nr = 0. In this table, the calculated probabilities are separated 
into three classes: (1) The probability of samples with two completely different 
haplotypes (e.g., samples with gamete types AlBl and (2) the probability of 
samples with three haplotypes, such that the most common type is related by 
either its A alleles or B alleles to the other two haplotypes (e.g., samples with 
gamete types AIBI, A& and A2B1) and (3) the probability of other types of 
samples with two alleles at each locus that were examined. The next row gives 
the total of these probabilities. 

Since the probabilities of all possible samples are not calculated, it is necessary 
to know the proportion of all samples that can be accounted for. The fifth row 
of Table 2 gives the probability that a sample has segregation at both loci 
(meaning that two or more alleles are present at each locus). This probability 
can be calculated from the probabilities of no segregation at each locus and the 
probabilities of no segregation at either locus. In a sample of n gametes with 4Nr 
>> 1, the probability of homozygosity for all of the alleles at locus A is 
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TABLE 2 

Sums of probabilities for samples of ten and 50 gametes (e, = 02 = 0.1) 

Samples with two distinct haplotypes 
Samples with three haplotypes, each 

related to the most common by 
either the A or B alleles 

Other samples with two alleles per 
locus 

Total of the samples examined 
Probability of segregation at both 

loci 

examined 
Proportion of segregating samples 

fl = 10 
4Nr 3 1 

0.0008 
0.0247 

0.0208 

0.0461 
0.0580 

0.7950 

~~ 

n =  10 
4 N r = 0  

0.0169 
0.0220 

0.0123 

0.05 12 
0.0657 

0.7791 

~~ 

fl = 50 
4Nr = 0 

0.0127 
0.0297 

0.0004 

0.0428 
0.1327 

0.3225 

and the probability of joint homozygosity at both loci for all of the gametes is 

(EWENS 1979, p. 94). The probability of segregation at both loci is one minus 
the probability of no segregation at locus A or locus B.  This last probability is 
the union of two events and is the probability of no segregation at locus A plus 
the probability of no segregation at locus B minus the probability of no segre- 
gation at locus A and B.  Therefore, the probability of segregation at both loci is 

When 4Nr = 0, the probability ofjoint homozygosity for all gametes at both loci 
is, 

and the probability that there is joint segregation is given by 

For n = 10 and Oi = 0.1, the probability of joint segregation at both loci is 
0.0580 when 4Nr >> 1 and 0.0657 when 4Nr = 0. Since samples with two alleles 
segregating at each locus contain 0.0462 and 0.0512 (4Nr >> 1, 4Nr = 0) of the 
probability (from Table 2), this means that more than 77% of all samples 
segregating at both loci are accounted for. 
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a 
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b 
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0012 
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0 008 

0 004 

-0 IO 00 0 IO 0 20 
0 

-0 6 -0 2 02 0 6  I O  
B 

FIGURE 2.-a, Expected distribution of linkage disequilibrium for samples of ten gametes. b, 
Expected distribution of the correlation coefficient for samples of ten gametes. 

This model can also be interpreted as appropriate for two parts of a gene (part 
A and part B) between which recombination occurs. It has been shown by 
STROBECK and MORGAN (1  978) that recombination within a gene increases the 
heterozygosity of that gene, and this can also be seen from Table 2 by noting 
that the probability of a sample with both loci fixed is much smaller when 4Nr 
>> 1 than when 4Nr = 0. However, most of this extra diversity is present in 
samples that have only one locus segregating. In general, the probability that 
samples show both loci segregating is greater when 4Nr = 0 than when 4Nr >> 
1. This is because, when 4Nr = 0, there is a far greater chance that distinct 
haplotypes will be maintained in the population. When recombination occurs, it 
tends to destroy associations between alleles and distinct haplotypes have a much 
smaller probability. As will be seen, this has a large effect on the distribution of 
linkage disequilibrium and the correlation coefficient. 

Figure 2 gives the probability distribution of linkage disequilibrium and the 
correlation coefficient, respectively, with 4Nr >> 1. These distributions do not 
immediately appear as continuous as they should be. This is mainly due to the 
way in which alleles are numbered. As can be seen in these figures, the a posteriori 
numbering method leads to a preponderance of small negative values and a lack 
of small positive values. 

The distributions become relatively smooth only if the absolute value or the 
square of these values are examined. The distribution of linkage disequilibrium 
shows that small, negative values of D are most probable, with a slow decrease in 
probability as D increases. The probability of samples with very high values of D 
is small. The most probable values of U are a small negative value and, next, a 
moderate positive value. There is little probability of samples with large U. The 
distribution of U' looks very much like a chi square distribution. This is to be 
expected since in this case the loci are independent. 
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1 a 0020 1 0020 

0 016 0 016 

0 012 0 012 

3 
h 

0 

0 n 

0.008 0 008 

0 004 0004 

-0 IO 00 0 IO 0 20 -0 6 -0 2 0 2  06 I O  
D r 

FIGURE 3.-a, Expected distribution of linkage disequilibrium for samples of ten gametes. b, 
Expected distribution of the correlation coefficient for samples of ten gametes. 

When 4Nr = 0, the probability distributions change a great deal, as shown in 
Figure 3. Figure 3a shows that the probability distribution of linkage disequi- 
librium becomes highly skewed toward larger values. In this case, the discontin- 
uities seen when D is greater than 0.05 are real. They are due to the very high 
probability of samples with two distinct haplotypes and the low probabilities for 
all other samples with high values of D. This increase in the probabilities of 
samples with two distinct haplotypes also has a very large influence on the 
correlation coefficient (Figure 3b) causing the distribution of U to become 
bimodal. The distributions of D2 and U' with 4Nr = 0 are shown in Figure 4a 
and b, respectively. It can be seen from Table 2 that there is insufficient 
probability left unaccounted for to make the distribution in Figure 3b or Figure 
4b unimodal. 

A sample size of ten gametes is unrealistically small. T o  ensure that these 
results hold qualitatively for larger sample sizes, samples of size 50 were also 
examined. With 50 gametes it is not practicable to determine all of the possible 
samples with two alleles per locus; there would be too many possible samples to 
consider them all. Therefore, only the most probable samples were examined 
and in particular, for Bi = 0.1, only those samples with probabilities greater than 
0.00025 were examined. (Similar values were chosen for the other mutation 
rates in Table 1, and it was found that the results do not greatly change.) These 
samples were found by examining the probabilities of many samples, only 79 of 
which satisfied the condition when Bi = 0.1. The results are summarized in Table 
2 for 4Nr = 0 and Bi = 0.1. There is, again, a large number of highly probable 
samples with two distinct haplotypes. These samples, along with those of the 
second row in Table 2, form the most likely samples of gametes. Table 2 also 
shows that a much larger proportion of the probability remains to be determined 
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a 
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U' 

FIGURE 4.-a, Expected distribution of squared linkage disequilibrium for samples of ten ga- 
metes. b, Expected distribution of the squared correlation coefficient for samples of ten gametes. 

as would be expected for a larger sample size. Although a smaller proportion of 
the total probability has been determined for n = 50 than for n = 10 (91 vs. 
98%; 87% not segregating + 4% known leaving 9% unknown vs. 93% not 
segregating + 5% known leaving 2% unknown, respectively), the results are 
qualitatively similar. 

Figure 5a gives the probability distribution of the linkage disequilibrium for a 
sample size of 50 gametes. Again, there is an unusual shape to the distribution 
due to the numbering system of alleles. There is a large probability of obtaining 
a sample with small, negative amounts of linkage disequilibrium. There is also a 
large probability of obtaining samples with a large amount of linkage disequi- 
librium. The positive linkage disequilibrium in this case is due to samples with 
two distinct haplotypes. As the numbers of each haplotype observed in the sample 
become more equal, the probability of that type of sample decreases. But their 
probability does not decrease very quickly. Furthermore, the number of such 
samples increases in density as the linkage disequilibrium increases. Again, this 
suggests that the linkage disequilibrium may have a bimodal distribution when 
4Nr = 0. One of these modes is near zero, and the other mode has a very large 
D .  There can be no proof of this statement from the results presented here 
because there is a large probability left unaccounted for. If the remaining 
probability were spread out uniformly over the range of D ,  it could make the 
distribution unimodal; however, this seems unlikely. 

The distribution of the correlation coefficient is given in Figure 5b. Since all 
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-06 -0 2 0 2  0 6  I 
D U 

FIGURE 5.-a, Expected distribution of linkage disequilibrium for samples of 50 gametes. b, 
Expected distribution of the correlation coefficient for samples of 50 gametes. 

of the samples with two distinct haplotypes have a perfect correlation between 
alleles, all of these samples have U = 1 .O. Again, the distribution of the correlation 
coefficient appears to be bimodal. However, in this case, there is not enough 
undetermined probability to join the two peaks at U 0 and U = 1 .O. Therefore, 
the distribution of the correlation coefficient must be at least bimodal if not 
multimodal. 

DISCUSSION 

The objective of most studies of linkage disequilibrium is to provide a better 
description of the multilocus structure of natural populations. Due to random 
drift, the expected structure of a population can be described only in proba- 
bilistic terms and this structure varies between (conceptually) replicate popu- 
lations. To describe this variability requires knowledge of the probabilities of 
obtaining samples of gametes. EWENS (1972) provided a sample theory for the 
dynamics of a single locus. In this paper, the probabilities of two-locus samples 
are examined numerically in an attempt to understand better the behavior of 
populations under a neutrality hypothesis. 

Distribution of disequilibrium: The distribution of linkage disequilibrium pre- 
sents a quite different story from that of its expectation. This is in part the 
result of the numbering of alleles. Most experimentalists who do not have a 
priori knowledge of the alleles number the alleles so that the most common 
gametes or the most common alleles have the lowest number. This practice 
can strongly affect the expected distribution of D and in a sample. The 
results are made independent of the ordering of alleles only when the square 
or absolute values of these quantities are considered. This practice also implies 
that any expectations given for population measures (without an ordered sys- 
tem of numbering alleles), which can be positive or negative, may be highly 
inaccurate when used as an expectation for a sample (with an ordered system 
of numbering alleles). 

D
ow

nloaded from
 https://academ

ic.oup.com
/genetics/article/108/1/257/6097491 by guest on 25 M

ay 2023



LINKAGE DISEQUILIBRIUM 269 

The results presented here show that linkage disequilibrium and the corre- 
lation coefficient will tend to be negative and relatively small when 4Nr >> 1 .  
When 4Nr = 0,  linkage disequilibrium forms a skewed distribution with a large 
density for small, negative values and a tail of probability for larger values of 
D. The correlation coefficient is most likely to have a small negative value or 
a value of 1 .  The least probable value of the correlation coefficient is a small 
positive one. 

For all of the distributions presented here, the expected value of the linkage 
disequilibrium and the expected value of the correlation coefficient (calculated 
as the ratio of expectations) is zero in the entire population. The results pre- 
sented show that the means of D and U are not zero. The mean of D in 
segregating samples of size 10 is small and positive whether 4Nr = 0 or 4Nr 
>> 1 ,  (0.003457 and 0.000451, respectively with Bi = 0.1). Due to the system 
of numbering alleles, the mean of D will be nonzero for any sample size. 
Furthermore, despite the small size of the mean when 4Nr = 0, there is a high 
probability that D will be large. There is a suggestion that the distribution of 
D may be bimodal when 4Nr = 0. However, the distribution of U is definitely 
bimodal when 4Nr = 0. This confirms the U-shaped distribution for the cor- 
relation coefficient found by simulation (MARUYAMA 1982). These distributions 
may help to explain the high coefficients of variation found for u (HILL 1977) 
and EC.D$ (GOLDING and STROBECK 1983). The cause of the high variability 
may be a widely spread, if not multimodal, distribution. This extreme varia- 
bility appears to be a feature of natural populations and will not necessarily 
disappear when deterministic processes are considered. AVERY (1  978) exam- 
ined the effect of random drift with overdominant selection and showed that 
random drift causes linkage disequilibrium to vary considerably about the equi- 
librium values expected. 

Tests for disequilibrium: Most statistical tests of linkage disequilibrium use as 
a statistic nu2, where n is the sample size. This quantity is assumed to be 
distributed as a chi square with 1 d.f. From the results presented, when 4Nr 
>> 1 ,  the distribution of nu2 does appear to follow a chi square distribution. 
When n = 10, any value of U greater than 0.620 gives a significant association 
among alleles and approximately 5% of the distribution should show values of 
U > 0.620. Here, 6.7% of the distribution determined has a U > 0.620 (with 
0.01 18 of the probability undetermined). The slight excess is probably due to 
the small sample size considered. As 4Nr decreases, the distribution of this 
statistic deviates from a chi square distribution until the distribution becomes 
bimodal (when 4Nr = 0). Since the underlying distribution of the test statistic 
is quite different from a chi square when 4Nr is small, the use of nu2 must be 
restricted to those cases in which 4Nr is known to be large. Tests of linkage 
disequilibrium based on fixed gene frequencies can also be examined using 
these results. 

Many studies of linkage disequilibrium will not be strongly affected by these 
results. Most of the enzymes commonly surveyed by electrophoresis in Droso- 
phila are known to be far apart. Many Drosophila species are also known to 
have large effective population sizes. Although nu2 can have a chi square 
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distribution only when 4Nr is infinite, the likely values of N and r in most 
Drosophila studies are sufficiently large that nu2 will closely approximate a chi 
square. The interpretation of linkage disequilibrium at the HLA locus in man 
and between isozymes in rodents must be done carefully. In these species there 
is a strong possibility that the effective population sizes are much smaller than 
the actual population sizes. Since it is the product 4Nr, and not each term 
separately, which is important, these caveats will apply even to loci that are far 
apart if the effective population size is sufficiently small. Studies of linkage 
disequilibrium within DNA sequences and between restriction sites create an 
even greater problem by significantly reducing the likely value of r. A careful 
examination of 4Nr is a necessary prerequisite to any study. Even with 4Nr 
large the variability in U is large, and when 4Nr is moderate even repeated 
studies showing consistent and near perfect correlations might not be convinc- 
ing. 

The survey of linkage disequilibrium by LANGLEY, TOBARI and KOJIMA 
(1974) found that 14 of 18 comparisons had a negative correlation. They 
showed this to be significant assuming a binomial distribution for the sign of 
U with P = 0.5. Figures 2b and 5b show that the proportion of negative 
correlations may be much larger than 50%. One of the results of the study by 
MUKAI, WATANABE and YAMACUCHI (1974) was a spatial inconsistency in link- 
age disequilibrium. Again, the figures show that, although a nonsignificant 
linkage disequilibrium may be found, significant linkage disequilibrium can as 
easily be found. Thus, inconsistency in the size and sign of D can be expected 
and the variability of natural populations is again indicated. 

The analysis of seven enzymatic loci in D. melanogaster by MALPICA and 
BRISCOE (1982) found indications of an excess of samples with very large or 
very small association. This observation might be explained if there is not free 
recombination between the loci and is in the direction expected when random 
drift significantly affects linkage disequilibrium. 

The probability structure of particular samples: Most of the difference between 
4Nr = 0 and 4Nr >> 1 is due to a single class of samples, those with two 
distinct haplotypes. Samples that do not contain gametes with alleles different 
from those of the most common gamete at both the A and B loci have prob- 
abilities that are often similar (to an order of magnitude) whether 4Nr = 0 or 
4Nr >> 1. However, samples with gametes that differ from the most common 
gamete at both loci can have probabilities that change by several orders of 
magnitude when 4Nr changes from >> 1 to 0. There can, therefore, be a great 
deal of information in a sample for determining if r = 0 or r # 0. For example, 
the probability of 

45 AlBl 5 A2B2 

gametes is 6 X 
probability of 

(4Nr = 0, Bi = 0.1) or 1 X lo-'' (4Nr >> 1 ,  Bi = 0.1). The 

47 AlBl 1 Ai& 1 A2B1 1 A2B2 

gametes is zero when 4Nr = 0 for an infinite allele model, but, when 4Nr >> 
1, this sample has a probability of 6 X These large differences in the 
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probabilities of some samples can be useful as a quick check to determine 
whether or not two loci are linked. As 4Nr decreases, the probabilities of 
obtaining distinct haplotypes increases. This increase is so large that when 4Nr 
= 0 (ei = 0.1) the probability of a sample of 

26 AiBi 24 AzB2 

gametes is larger than the probability of a sample with 

3 9 A i B l  10AlB2 1 A2B1 

gametes. It might also be noted that the probability of the former sample is 
larger than that of 

48 AiBl 1 A2B2 1 A& 

gametes (by three orders of magnitude) and larger than that of 

47 AiBi 1 AiB2 1 AlBs 1 A ~ B I  

gametes. 
Finally, the results show that recombination between sites within a gene 

increases the heterozygosity of that gene, as was demonstrated by STROBECK 
and MORGAN (1978). However, the results show that the probability of joint 
segregation at both sites is larger when 4Nr = 0 than when 4Nr >> 1 .  This 
was also found by HILL (1969). For the greatest heterozygosity within an 
individual, 4Nr >> 1 .  The variability contained within an individual is greater 
with free recombination. But for the greatest probability of segregation at both 
loci, 4Nr = 0. That is, the population retains more variability with tight link- 
age. The question now arises as to the importance we attach to different kinds 
of genetic variability. Clearly, genetic variability within the population and 
variability within the individual are different quantities and can be created or 
lost in different ways. 
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APPENDIX 1 : RECURSION RELATIONSHIPS 

Recursion relationship for a sample of gametes with a(b) total number of different alleles at the 
A(B) locus. Terms smaller than 1/2N, PI,  PZ and r are ignored. The element nm is defined as zero 
and, if a(or b) is zero, define the sums Cy*l as sums from The prime indicates the value of 
@M in the next generation. 

a b  a b  

+ %@M[n, + 1, n , ~  - 1, noJ - 11 + 1 -@M[noJ - 11 
8-1 1-1 2N ,=I ]=I 2N 

a b  a b  

+ r n,@M[n, - 1, n , ~  + 1, no, + 11 + 6(n, - 1)6 @M[n, - 1, no, + 1 
li.1 1-1 1-1 1'1 

For example, the probability recursion relationship for a sample of 8 A&, 2 AIBZ and 1 A& with 
r = O i s  

@ M ( i  s" 2 0 )  = ( 1  -%.11.10-- 1 l l p l  - 11pz 
2N 0 0 1  

+ PIOM (i a )  
APPENDIX 2: CHECKS 

The results were checked in several different ways to ensure the accuracy of the program. First, 
all of the probabilities for the ten possible arrangements of gametes for a sample size of three 
were calculated and then summed. Since this is the sum of all probabilities of all possible samples, 
it must equal one. Second, the sum of all probabilities of the possible ways in which some base 
sample can have one extra gamete must be equal to the probability of that base sample. In 
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particular, the probability of a sample of 

48 AlBl 1 A& 

gametes must be equal to the sum of all probabilities of samples of size 50 with 

48 AlBl 1 A& 

gametes plus one other gamete. Third, when 4Nr = 0 the probability of 

49AlBi 1 AIBZ 
PIUS 49 AIBI 1 Ad31 
PIUS 49 AlBl 1 A2B2 

must equal the probability of 49 alleles of one type and one other allele as given by Ewens (1972) 
sampling theory with a mutation rate of B = 81 + 02. For all of the mutation rates tested, each of 
these checks was correctly satisfied by the program. 
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