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ABSTRACT
Regulatory networks provide control over complex cell behavior in all kingdoms of life. Here we describe

a statistical model, based on representing proteins as collections of domains or motifs, which predicts
unknown molecular interactions within these biological networks. Using known protein-protein interac-
tions of Saccharomyces cerevisiae as training data, we were able to predict the links within this network with
only 7% false-negative and 10% false-positive error rates. We also use Markov chain Monte Carlo simulation
for the prediction of networks with maximum probability under our model. This model can be applied
across species, where interaction data from one (or several) species can be used to infer interactions in
another. In addition, the model is extensible and can be analogously applied to other molecular data
(e.g., DNA sequences).

RECENT achievements in genome sequencing, cou- tion of the domain composition of each. For convenience
of description, we treat nonprotein network nodes aspled with advances in cellular biology, have raised

hopes for an imminent leap forward in our understand- single-domain proteins. If we move along a network path-
way, a domain of an upstream protein may favor interac-ing of the regulatory machinery of life. However, we

have yet to make the transition from a linear one-dimen- tion with a domain of a downstream protein. In addition
to a physical connection, the term “interaction” in oursional sequence of genes to an integrated multidimen-

sional model of metabolic and regulatory networks. De- model can represent more general relationships be-
tween domains, e.g., information flow. Furthermore, wespite their importance, relatively little is understood,

with a major complication being the general lack of assume that once a given pair has proven effective, na-
ture will tend to reuse it in other networks within thedata on the mechanism, rate, and even existence, of

interactions between known genes and proteins. In fact, same organism, as well as in other organisms. Thus the
model we describe here is based on quantifying, fromonly recently have sufficient data sets become available

to provide support for the analysis of such large-scale data taken from known networks, the frequency with
which a domain in one protein is observed immediatelynetworks (Uetz et al. 2000; Xenarios et al. 2000).

Molecular-interaction networks feature proteins, nu- upstream or downstream of domains in another protein.
We then use this information to infer the probabilitycleic acids, and small molecules as primary players. Since

genes are passive carriers of information, and because of unknown interactions. Below, we describe our model
and how its parameters are estimated, verify its validitythere are relatively few enzymatic or structural RNA

molecules, the majority of important biological func- with cross-validation, and show sample applications to
real biological networks.tions are carried out by proteins. Being linear sequences

of amino acids at the level of primary structure, at the
functional level, proteins can be broken down into seg-

MODEL DESCRIPTIONments that correspond to functional domains or con-
served motifs. Like amino acids, these domains are dis- The model we now describe assigns probabilities to
crete “letters,” combinations of which give rise to the all possible networks formed from a fixed number of
diversity of protein form and function. vertices. Note that, rather than trying to reproduce the

In this work, we assume that the existence of a network actual genesis of regulatory networks in evolution, our
connection between proteins, which may or may not model has the more modest purpose of providing each
involve a physical interaction between them, is a func- network with a probability value in such a way that net-

works having more features typical of real networks have
higher probabilities.
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proteins. Each vertex of the network is composed of
one or more domains or motifs, which are identified
through comparison with existing databases of protein
domains (e.g., Pfam; Bateman et al. 2000). We use the
frequency of separate occurrence of domains dm and dn

in two connected vertices of a known network to infer
probabilities of “attraction” p(dm,dn) (i.e., that an ori-
ented edge will be formed) between these domains. As
described in detail later, these probabilities are used to
determine the probability of individual protein-protein
interactions.

This model has two independent stochastic steps, and
the probability of an individual network emerges as a
product of the probabilities associated with these two
stages. In the first stage, every pair of proteins i and j
may be connected to each other with an “attraction”
probability pij (we explain how to compute this probabil-
ity later) or not connected with probability (1 � pij).
We can imagine this process as being performed by a
machine that, for every pair of vertices, tosses imaginary
biased coins, each coin specific to a particular pair of
proteins. If it is heads, an edge between the two vertices
is formed; if it is tails, it does not form. The coin is
biased by prior information about the domains in each

Figure 1.—Sampling of a network. The distribution of net-
of the vertices, leading to some edges having a probabil- work topologies is modeled with a multinomial distribution.
ity �0.5 (attraction) and some edges �0.5 (repulsion). Individual bins contain a collection of networks with identical

topologies. Networks within a given bin have probabilitiesFor a network with |V | vertices, there are 2|V ‖V | possible
defined on the basis of their edge composition. See text fornetworks with oriented edges (e.g., a network we de-
further details.scribe later consists of 11 vertices and thus has 1036

possible configurations). We then define the probability
of a single network with the particular edge set E as

number of edges, and N is the total number of vertices
in the graph). Similarly, we compute the numbers ofP(E) � �

eij�E
p ij�

ekl�E
[1 � pkl]. (1)

vertices with indegrees 0, 1, 2, . . . N. Now we put into
one bin all networks with identical sets {nin

x } and {nout
y }. ForUsing this process, we are able to assign a probability

each bin we define a sampling probability P({nin
x }, {nout

y })to any configuration of edges between a set of vertices.
that is computed as the productNetworks containing many high-probability edges will

have higher probabilities P(E). P({nin
x }; {�in

x }, |V |) � P({nout
y }; {�out

y }, |V |), (2)
In the second stage, networks are sorted into a finite

wherenumber of bins, each corresponding to a particular
“network topology.” In this case, “network topology” is

P({nz}; {�z}, |V |) �
|V |!

n0 ! . . . nN ! �
N

z�0

�nzz . (3)defined as the particular distribution of edges coming
into and out of each vertex of the network. Note that
for a given number of vertices, it is possible to have a The probability distributions �in

x and �out
y give the proba-

large number of edge configurations that are character- bility of a network having x incoming and y outgoing
ized by the same topology, so each bin represents a edges, respectively. These distributions are explained
collection of networks with identical topologies. The in greater detail later (see Estimating parameters relevant
number of incoming edges, or indegree, of a vertex in to the topology of real networks). Finally, the second step is
an oriented graph is the number of oriented edges that finished with a random (multinomial) sampling of a
end at this vertex. Similarly, the outdegree of a vertex is bin with probability P({nin

x }, {nout
y }) and then random (uni-

the number of oriented edges that start at this vertex. form) sampling of a network from within that bin (see
For a pair of proteins connected with a single oriented Figure 1). Note that, at the topological level, we cannot
edge, the upstream protein has a single outgoing edge distinguish between the situations where (a) protein 1
while the downstream protein possesses a single incom- has ni inputs and protein 2 has nj inputs and (b) protein
ing edge. For each network we compute the number of 1 has nj inputs and protein 2 has ni inputs. Rather, this
vertices that have outdegree zero, nout

0 ; one, nout
1 ; two, distinction is made at the level of individual edges. Each

individual edge has a probability associated with it andnout
2 ; and so on to nout

N (where the subscript indicates the
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Figure 2.—The number of domains per protein does not determine network connectivity. Data are from the yeast network
interaction data described in application to real networks. (a) The frequency of proteins with a given number of domains.
(b) The number of edges outgoing (x) or incoming (o) to a protein is independent of the number of domains. Error bars
represent 1 standard deviation. Regression lines are shown with slopes of 0.024 (intercept � 0.96) and 0.021 (intercept � 0.97)
for outgoing and incoming edges, respectively. The large deviation for the number of edges outgoing from proteins with nine
domains is due to the fact that only three data points comprise this set. All other points with eight or more domains consist of
a single sample (and thus have an undefined variance).

thus so does the complete set of edges that make up a of getting attracted, p(dm, dn). If p(dm, dn) � 0.5, the do-
mains “attract” each other, while for p(dm, dn) � 0.5, wegiven network P(E). A network topology is automatically

defined when given this same set of edges E. The proba- can say that domains “repel” each other. Considering
a pair of multidomain proteins i and j, where �i and �jbility of this particular topology, however, is determined

separately and may or may not be favorable (biologically are the sets of domains for each protein (a domain of
each type occurs in �i no more than once, even if therealistic). We do not distinguish between (a) and (b)

above because topologically they are identical. They are ith protein has multiple domains of the same kind), we
assume that the probability of attraction (edge probabil-not identical, however, at the level of individual edges.

Each of these edges in (a) and (b) will have a different ity) between these proteins is given in terms of domain
attraction probabilities asprobability associated with it, with presumably one ver-

sion of (a) or (b) being the correct and thus most favor-
able one. pij � �

dm��i
�

dn��j

p(dm, dn)
|�i ‖ �j|

. (5)
It is not difficult to verify that the product of the

former two stochastic steps would give the probability This definition of edge probability is reasonable insofar
of sampling any given network: as the number of edges going into or out of a vertex is

not correlated with the number of distinct domains inP(E) � P({nin
x }; {�in

x }, |V |) � P({nout
y }; {�out

y }, |V |). (4)
either of the interacting proteins. We verified that this

Networks with both favorable sets of edges E and favor- assumption indeed holds with real data (see Figure 2).
able topologies will have the highest probabilities. Estimating probabilities of attraction between do-

Although the second stage of our network-generating mains: Facts on interactions between proteins published
process may appear to the reader as artificial and even in the research literature have strikingly different reli-
unnecessary, it is not. As we elaborate below, real biolog- abilities. This is in part due to the fact that it is uncom-
ical networks have a very characteristic topology that mon to publish the negative results of an experiment.
distinguishes them from the vast majority of arbitrary As a result, the presence of an interaction between pro-
random networks. Therefore, in a situation where infor- teins is usually backed by multiple experiments while
mation about protein domain interactions is far from the absence of interaction may correspond to a failed
being complete, a restriction on acceptable network experiment or just the absence of experiments at all
topology is used to improve the prediction ability of the (the only exclusion from this observation is exhaustive
algorithm that we develop here. two-hybrid screening, where all results, both positive

Computing probabilities of protein interactions: In this and negative, are reported). Therefore we decided to
model we consider proteins as “bags of domains,” where estimate the probabilities of “attraction” between two

domains in such a way that the absence of a connectioneach individual pair of domains, dm and dn, has a probability
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cally, Equation 6) does not generate probabilities of
�0.5 for domain-domain interactions. While we could
have expanded the probability range from 0 to 1, the
compressed scale of 0.5–1 does not affect the results,
and a future version of this model, combined with the
collection of appropriate data (e.g., negative experimen-
tal results, appropriate two-hybrid data, etc.), will use the
range of 0–0.5 for modeling “repulsive” effects between
domains.

To summarize, this model assigns a probability to every
possible network with |V | vertices. This probability is based
on both local and global network properties. At the
local level, the probability of a vertex having an interac-
tion with another vertex is dependent on the domain
composition of each. If, as previously determined by
training data, the set of domains in one protein is likely
to be attracted to that of another protein, the probability

Figure 3.—Probability distribution of vertices, with k incom- of an edge existing between the two vertices increases
ing (open triangles) or outgoing (solid circles) edges. Edge to a value �0.5. If no information is available about thedistributions were calculated from the DIP database; they con-

likelihood of interaction for the set of domains containedsisted of 1366 vertices with 1479 edges.
in both upstream and downstream vertices, the proba-
bility of an edge forming between the two is taken to
be 0.5. At a global scale, the probability of the networkis treated as the absence of data, while the counts of
(based solely on local properties) is modified on theknown connections are used to estimate the probabili-
basis of how well it represents real biological networks.ties. That is, for domains dm and dn, we compute the
Networks with topologies (distribution of incoming andattraction probability as
outgoing edges per vertex) that are more biologically
realistic are given higher likelihoods. The probabilityp(dm, dn) �

1
2 �1 �

kmn

kmkn � 	�, (6)
of any given network is the product of both the local
and global probabilities.

where 	 is a positive real-valued pseudocount, kmn is the Estimating parameters relevant to the topology of real
number of edges in the training set that contain at least networks: When we estimated the parameters {�in

x } and
one domain dm at the vertex of edge origin and at least {�out

y } from the database of interacting proteins (DIP)
one domain dn at the vertex of edge destination, km is

dataset, we found that the estimated values for both
the number of distinct vertices that contain at least one

sets followed a power-law distribution (Figure 3). This
domain dm, and kn is the number of distinct vertices that

means that, in logarithmic coordinates, the relationship
contain at least one domain dn. For this work we chose

between the number of connections per vertex and the
	 � 1, which can be increased (or decreased) if one

proportion of vertices with that many connections iswants to require the accumulation of greater amounts
linear for both incoming and outgoing edges. Thisof data before the prior becomes significantly altered.
power-law distribution is a property of scale-free systems.As an example, if there are two upstream proteins with
These systems have properties or behaviors that aredomain m and two downstream proteins each with domain
invariant across changes in scale. A demonstration ofn, a perfect correspondence between protein domains
this phenomenon is shown in Figure 4, where it is notand the existence of an edge would lead to kmn � 4 (all
possible to determine the scale of the object (in this case,possible edges exist), km � 2, kn � 2, and p(dm, dn) �
cauliflower) without a reference object. This property has0.9 (assuming that 	 � 1).
also been seen in networks (Barabasi and Albert 1999;As a result, this formulation assigns probabilities
Albert et al. 2000), including social and nonbiological�50% to edges that have known connections and proba-
networks, where the probability of a vertex having kbilities equal to 50% to edges that have no known connec-
incoming or outgoing edges is given bytions. In the absence of experimental observations (km �

kn � kmn � 0), the probability of an edge forming between �k � ck�
, (7)
any two domains is exactly 50%, which in turn leads to

but with the values of 
 and c being different for incom-a probability of 50% for forming an edge between any
ing and outgoing edges. For the outgoing edges of ourtwo proteins, regardless of the number of domains in
network, a linear fit at logarithmic scale gave estimateseach of them. In the absence of data, all networks can
of c � 0.30 and 
 � 1.97, whereas incoming edges werebe assigned a nonzero probability. Note that, while the

model allows for it, the current methodology (specifi- distributed with c � 0.56 and 
 � 2.80. For this work,
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Figure 4.—Scale-free (self-
similarity) properties of a com-
mon cauliflower plant: it is vir-
tually impossible to determine
whether one is looking at a
photograph of a complete veg-
etable or its part, unless an ad-
ditional scale-dependent ob-
ject (a match) is added. (A)
Complete vegetable; (B) a small
segment of the same vegetable;
(C) small part of the segment

shown in B. The same match was used in all three photographs to provide a sense of scale for an otherwise scale-free structure.
The idea originated from the book written by Peitgen et al. (1992). We purchased the vegetable in Sloan’s supermarket in
Manhattan’s Upper West Side; the photographs were obtained by direct scanning of the objects with a Compaq S4 100 scanner.

we used the power law for �k only for nonzero k; the network is remarkably scale invariant. This implies that
knowledge of the topology of a small part of a networkvalues of �in

0 and �out
0 were estimated as

should provide a reliable means of estimating the com-
�in

0 � 1 � �
∞

k � 1

�in
k , �out

0 � 1 � �
∞

k � 1

�out
k . (8) plete network’s topology.

Cross-validation: We used cross-validation to deter-
Examples of the influence of network topology on the mine the effectiveness of the model in predicting the
likelihood of a given network are shown in Figure 5. overall network configuration. Cross-validation is a gen-

eral technique for evaluating the efficiency (and hence,
validity) of statistical algorithms. It typically involves di-APPLICATION TO REAL NETWORKS
viding a dataset into two disjoint subsets, one of which

To test the efficacy of this model, we needed networks is used for training, with the other being used for model
with large numbers of known protein-protein interac- validation. We used the jackknife version of cross-valida-
tions. A complication in this process arises in that, even tion, where the training set consists of the complete
if a large number of interactions are known, not all of network minus a single specified edge. We then com-
them have a defined domain composition. For this work, pared the likelihood of the complete graph (the model
we used Saccharomyces cerevisiae protein-protein interac- validation set of data) to that of the complete graph
tions taken from the DIP (http://dip.doe-mbi.ucla.edu/; minus one edge. If the likelihood of the full network
Xenarios et al. 2000). We determined the domains in- was greater than the likelihood of the reduced network,
volved in each interaction by analyzing protein sequences we considered the edge to be positively predicted. This
with hmmpfam (Bateman et al. 2000), a publicly available step was performed iteratively until all edges were con-
software tool that referenced 2015 domains at the time of sidered. Analysis of the test network indicated that the
this analysis. We analyzed a total of 642 protein-protein model predicted 93% of the known 642 edges used in
interactions (all with at least 1 domain) and then used the test; the remaining 7% represent false negatives. We
them to determine the domain-domain interaction proba- similarly estimated the rate of false positives as �10% by
bilities. Data (in this case a list of undirected protein- starting with the full known network and attempting to
protein interactions) used for studying the effect of vertex add a single edge between unconnected vertices. Note
removal on network edge distributions were taken from that this measure of false positives assumes that all edges
the Fields Lab home page (http://depts.washington.edu/ not included in the true network should not exist. Cur-
sfields/). rently, we cannot determine which, if any, of the false-

The yeast protein network is scale free: We know that positive edges correspond to true—but currently un-
the observed power-law behavior for the distribution of known—connections. While we should be able to achieve
edge types within the network implies a scale-free sys- even greater accuracy by including more data in the
tem. To provide another means of verification, we deter- training set, these results suggest that the model is valid
mined the value 
 for a large network (1823 vertices). and is capable of making reasonably accurate predic-
We then ran a bootstrap procedure for 200 iterations, tions.
where 30 vertices were randomly removed from the Markov chain Monte Carlo: For nearly all species,
network and the value of 
 and 95% confidence intervals many interactions within a biological pathway are cur-
were determined for each. After this was completed, 60 rently unknown. As our model allows us to compute the
vertices were removed and the process was repeated. probability for any possible arrangement of edges that
This was repeated until the final 200 iterations with connect a set of vertices, we implemented a Markov
113 total vertices in the network. The effect of vertex chain Monte Carlo (MCMC) simulation approach (Has-
removal on 
 is shown in Figure 6 (mean of 
 and tings 1970; Gilks et al. 1996), which allowed us to

compute posterior probabilities for all edges while effec-95% confidence intervals displayed) and shows that this
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Figure 6.—Distribution of edges per vertex is scale invari-
ant. The mean of 
 (� �2.3), along with 95% confidence
intervals, is shown. See text for further details.

Figure 5.—Log of network likelihood based only on net- to the posterior probabilities of this edge being present
work topology. a and b represent, respectively, a highly

or absent in the correct network.(overly) connected and minimally connected network. c de-
As a small-scale example, we selected a group of 11picts a more realistic (optimum) configuration. d shows a

yeast proteins known to interact with at least one othernetwork with the same number of edges as c but with a less-
favorable arrangement of incoming and outgoing edges. Net- member of the group and attempted to predict these
works with less-negative log scores are more likely. Networks edges (Figure 7). The probabilities of a given edge,
were created with CUtenet (Koike and Rzhetsky 2000).

based on domain-domain interactions alone, are shown
in Figure 7a. Note that all edges except (7, 1) (x-axis,
y-axis) are found in the original data. The posteriortively sampling from the astronomically large number
probability estimated through simulation is shown inof possible networks.
Figure 7b, and all known edges except (10, 1) are pre-We implemented a reversible-jump methodology
dicted reliably. This result is not merely a sampled ver-(Green 1995) typical for Bayesian model selection,
sion of Figure 7a; rather, it incorporates the constraintstreating different networks as alternative statistical mod-
imposed by the edge distributions on the topology ofels. We chose a uniform prior distribution over all net-
the network. Thus edges (7, 1) and (10, 1) are notworks, because, without additional information, we have
supported with high confidence due to their low do-no reason to prefer one network over another. Starting
main-domain interaction probabilities and to the influ-with an arbitrary network, the algorithm either adds or

removes, with equal probability, a defined number of ence of the edge distributions. The effect of topology
edges. Edges to be added or deleted are respectively constraints can also be seen where regions of low proba-
sampled from the pool of edges that are included or bility [e.g., the vicinity of (4, 8)] are associated with
excluded from the current network, with the probability proteins that already have a high-probability edge; addi-
of selecting any given edge dependent on only the num- tion of a second edge is unlikely. The nonsymmetrical
ber of edges from which to choose. Adding or removing pattern is due to differences between the outgoing and
edges in this manner, the system jumps from network incoming edge distributions. Although they are easily
X to a new network Y. The proposed new state Y is differentiated from unlikely edges, all likely edges have
sampled from the proposal distribution, q(b|a). The new relatively low posterior probabilities.
network Y is then accepted with probability For very small systems, a significant amount of infor-

mation can be gained simply from looking at the edge
�(X, Y) � min �1,

L(Y)q(X | Y)
L(X)q(Y | X)�, (9) probabilities between a given set of vertices, with very

little additional information coming from topology infor-
mation. However, use of the MCMC method describedwhere L(·) is the likelihood of the given network. If the
here should be particularly valuable for the prediction ofproposed new state is accepted, then network Y be-
large networks, where large amounts of protein interac-comes the current network; otherwise, the old network
tion data with complicated domain architectures (suchX remains as the current model. The stochastic process
as those of higher organisms) and a computationally in-moves through the space of possible networks, on aver-

age keeping each edge in an on or off state in proportion tensive number of network topologies are the norm.
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Figure 8.—Prediction of interactions among 10 proteins
that are involved in the human apoptosis pathway. Only proba-
bilities based on domain-domain interactions alone are shown.

training data; however, the most strongly predicted inter-
action was of Apaf-1 interacting with itself. A search of the
signal-transduction literature revealed that Apaf-1 does, in
fact, self-associate (Hu et al. 1998; Benedict et al. 2000).
We were not hitherto aware of this association, and it
was not described within KEGG. We believe these results
to be quite encouraging. While we were not able to
predict the known network, this example is remarkable
given the small amount of domain-domain interaction
data available for training; it demonstrates the potential
application of this method to predicting interactions
across species. Accumulation of interaction from more
complicated organisms should greatly enhance these
predictions.

Figure 7.—MCMC simulation of a small network. Vertices
are as follows: 1, transcription factor BAS1 (gi|101447); 2, DISCUSSION
oxoglutarate dehydrogenase precursor (gi|1070439); 3, dihy-

Based on the simple concepts of domain compositiondrolipoamide S-succinyltransferase precursor (gi|2144399); 4,
cell division control protein CDC43 (gi|2144611); 5, protein and network topology, this model allows us to character-
farnesyltransferase chain RAM2 (gi|266880); 6, pre-mRNA ize and predict both known and unknown protein inter-
splicing factor PRP21 (gi|280467); 7, hypothetical protein actions within a given species and potentially across
YBL067C (gi|626480); 8, omnipotent suppressor protein

species. Markov chain Monte Carlo techniques de-SUP45 (gi|626763); 9, suppressor 2 protein (gi|72877); 10,
scribed earlier provide a computationally feasible waytranscription factor GRF10 (gi|82888); 11, dihydrolipoamide

dehydrogenase precursor (gi|82983). (a) Edge probabilities to calculate the posterior probability of a network, given
for the network based on domain-domain attraction probabili- data as
ties alone. (b) Posterior probabilities of all edges of the net-
work after 109 iterations of MCMC simulation. Red and blue P(networki | data) �

P(data | networki)P(networki)

�all networks P(data | networkj)P(networkj)
.

colors represent probability above and below, respectively, the
mean of all edge probabilities (in white). Note that only values

While we assumed a uniform prior distribution over allat vertex intersections (�) have meaning; areas in between
are interpolated and merely help to show gradients. Edges possible networks, the model does not require this.
known to exist from the original data are [(3, 2), (4, 5), (5, Furthermore, we can add additional information (in the
4), (7, 6), (9, 8), (9, 9), (10, 1), and (11,3)]. The percentage form of priors) into the calculation as it becomes available.
of rejected edges in MCMC computation was 82%.

In the study of regulatory pathways, this model could
significantly reduce the number of required experi-
ments by identifying a few most likely hypotheses. SuchAs a further example of the application of domain-

domain interaction information, we selected 10 proteins experimental analysis is itself an empirical way of validat-
ing the model, and we can likewise design experimentsknown to function in the human apoptosis pathway

from the KEGG database (Goto et al. 1997). As is obvi- for this validation. Improvements could include addi-
tional interaction data and the introduction of moreous from Figure 8, few edges were supported by yeast
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domains for assignment to protein segments. We are hensive picture of such molecular networks and their
role in biological function.currently enhancing the model by allowing the intro-

duction of repulsion effects, which are implemented
by allowing probabilities of �0.5 for domain-domain
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