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ABSTRACT
If homologous sequences in a population are not subject to recombination, they can all be traced
back to one ancestral sequence. However, the rest of our genome is subject to recombination and will
be spread out on a series of individuals. The distribution of ancestral material to an extant chromosome
is here investigated by the coalescent with recombination, and the results are discussed relative to
humans. In an ancestral population of actual size 1.3 million a minority of <6.4% will carry material
ancestral to any present human. The estimated actual population size can be even higher, 5 million,

reducing the percentage to 1.7%.

HE process of evolution of sequences subject to
both coalescence and recombination in a popula-
tion was first described by HupsoN (1983). In Hudson'’s
setup a combined coalescence and recombination pro-
cess is followed back in time until any nucleotide posi-
tion in the extant sequences has only one ancestral
nucleotide. The ancestral nucleotides can be located
on different sequences. The process further back in
time than this point has usually been of no interest,
as it does not influence the relationship between the
sequences in the sample.

However, it does determine the distribution of ances-
tral material to extant chromosomes on individuals, and
raises some questions: (1) How many ancestors are
there to a present human chromosome? An ancestor
to an extent sequence is defined as a sequence carrying
material ancestral to the extant sequence. The number
of ancestors will thus vary with time and grow in mean
until a steady state is reached. If the ancestral material
to an extant chromosome are spread out on different
individuals due to recombinations there will be more
than one ancestor, but does this number of ancestors
constitute a large or small part of humans that lived,
say 300,000 years ago’ (2) How many different se-
quences in an ancestral population can one sample by
sequencing extant sequences? This is of importance
when making assertions about species trees. A species
tree can be inferred from a collection of gene trees of
different genes. The number of ancestral chromosomes
can be less than the number of genes, because ancestors
to genes can be on the same ancestral chromosome.

The combined coalescence and recombination pro-
cess is here studied beyond the point of most recent
ancestral nucleotides by simulation and some analytical
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results are derived. The distribution of the process is
determined only by the product N, where N, is the
effective population size and ris the expected number
of recombinations experienced by a sequence in one
generation.

Main mathematical results for the process being in a
steady state are (R denotes sequence length measured
in expected number of recombinations per N, genera-
tions) as follows:

1. The mean and variance of number of ancestral seg-
ments is 1 + R and approximately 2R, respectively.

2. The mean length of a segment is 1.

3. The mean amount of ancestral material on the an-
cestor to the leftmost base on an extant sequence is

log(1 + R).

A segment is a maximal interval of ancestral material
on an ancestral sequence. Based on simulations it is
conjectured that

4. The mean number of ancestor sequences is of the
order R/log(l + R).

The human chromosome I is ~263 Mb and 293 cM
long (SCIENGE WEB PAGE 1997), and assuming the effec-
tive population of humans is N, = 20,000, the mean
segment length is ~5000 (=263 Mb/(2.93-20,000))
bases long, and the length of ancestral material on the
ancestor to the leftmost base is ~50,000 [=263
Mb-log(1l + 2.93-20,000)/(2.93-20,000)] bases long.

If statement 4 holds true, the mean number of ances-
tors to the human chromosome 1 is ~6800 individuals.

This article is divided into four sections apart from
the Introduction. The first section introduces the coa-
lescent process with recombination and sequence evo-
lution subject to recombination. In the second section
mathematical results are derived from the point of view
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of discrete processes and results obtained by simulation
studies are presented. The third section discusses the
program used in the simulation studies, and finally the
fourth section is a discussion. Here the results obtained
in previous sections are applied to humans, and prob-
lems concerning the choice of model and factors in-
cluded in the model are discussed relative to this appli-
cation,

We estimate that the number of ancestors to the hu-
man genome is <86,000 chromosomes, which is <3.3%
of the estimated entire ancestral chromosomes. This
percentage is based on an actual ancestral population
size of 1.3 million individuals 300,000 years ago (WEISs
1984).

EVOLUTION OF SEQUENCES SUBJECT
TO RECOMBINATION

The model of a population of sequences subject to recombi-
nation is the following. Each sequence is L nucleotides long
and recombination is assumed to occur to the right of a nucle-
otide. The population is constantly of size Nand diploid, i.e.,
there are 2N sequences. A new generation is obtained from
the present by sampling 2N sequences in the previous genera-
tion with replacement, and forming random pairs of se-
quences and letting the pairs recombine between any two
nucleotides with probability . Time will start at the present
and increase going backward in time.

This process is transformed to a continuous time and con-
tinuous sequence process by letting N = ® and measuring
time in 2N generations; letting L — %« and 7 — 0, such that
2rLN — R; and measuring length in expected number of re-
combinations per 2N generations. HUDSON (1983) showed
that the waiting time to a sequence having been created by
a recombination from two sequences is exponentially distrib-
uted with intensity parameter R, where R, is the rescaled
length of the sequence. For the extant sequences, R, is simply
the length of the sequences, i.e., B, = R For ancestral se-
quences, Ry is the length of the interval spanned by regions
that have ancestral material. These sequences can include
regions with nonancestral material. The recombination point
will be uniformly distributed within this material. The waiting
time going backward in time until & sequences had only (k —
1) ancestors in the population is exponentially distributed
with intensity parameter k(k — 1)/2, and the two sequences
having a common ancestor at that time are uniformly distrib-
uted among all different pairs. This was first realized by WAT-

FIGURE 1.—Reshuffling of ancestral material. At time 0 one
sequence is sampled. After the first recombination event, the
sequences wait for either a recombination or a coalescent to
occur. Fach is associated an exponential waiting time and are
independent of each other. The first coalescent traps some
nonancestral material. The rate of recombination is the sum
of the length of regions spanned by segments (including
trapped material), and the rate of coalescence is k(k — 1)/2,
where k denotes the number of sequences carrying ancestral
material. For example, the rate of recombination after the
second coalescent event is the length of segments plus the
length of trapped material: %5 + /s + /s + /5 (segments)
+ /5 + ?/5 (trapped material) = 3. Since the rate of coales-
cence is quadratic in & and rate of recombination is at most
linear (less than 2k in this example), the process will reach a
steady state and the number of segments and sequences will
not increase indefinitely.
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TERSON (1975) and later developed into the theory of the
coalescent by KINGMAN (1982).

The coalescent with recombination has further been inves-
tigated by HUDSON and KAPLAN (1985), KAPLAN and HUDSON
(1985), GRIFFITHS and MARJORAM (1996, 1997).

This process has some nice properties. First, the process
is invariant under translations along the sequence, i.e., the
marginal distribution of a subsequence depends on the length
of the subsequence only, not the position. Second, the process
is symmetric, <., the distribution is the same seen from either
end points. Third, the distribution of = fixed points on the
sequence is identical to the distribution of m loci in an m-
locus model with recombination rates between loci given by
the distances between points.

The history of a sequence can be simulated by going back
in time, waiting for what occurs first, a recombination or a
coalescence, and then performing the appropriate operation
on the set of ancestral sequences. Recombination will increase
the number of sequences carrying ancestral material by one,
but will not increase the total amount of ancestral material.
A coalescence will decrease the number of sequences with
ancestral material by one. It can increase the amount of mate-
rial, where recombination can occur, because coalescence can
trap some nonancestral material. When any position on the
extant sequences has found one ancestor, all segments with
ancestral material spliced together will constitute one se-
quence. Above this point coalescence cannot reduce the
amount of ancestral material and all that will occur is redistri-
butions of ancestral material on different sequences by recom-
binations and coalescences. Since the rate of coalescences is
quadratic in the number of sequences and the rate of recom-
binations is at most linear, the process will reach a steady state
and not increase indefinitely. This is illustrated in Figure 1.

The distribution of ancestral material on different se-
quences can be classified and counted as follows. Figure 2
illustrates a simple situation. Start leftmost on the sequences.
The sequence with the leftmost segment of ancestral material
is labeled 1; the sequence with the second leftmost segment
is labeled 2. If the third segment is not on the same segment
as the first segment, it will be labeled 3. If it is on the same
sequence as the first, it will be labeled 1. As the sequences
carrying ancestral material are traversed and a segment on a
new sequence is encountered, this sequence will be labeled
by an integer one higher than any previously used. These
numbers will in the sequel be referred to as sequence num-
bers.

The number of ways to distribute 7 segments on % se-
quences in this way will be called C(n, k). This number is a
reminiscent of the Stirling numbers of the second kind, S(n,
k), which is the number of ways to partition {1, ..., n} into &
subsets. The difference between configurations and partitions
is that in a configuration two consecutive numbers cannot be
in the same set, while partitions are not subject to this restric-
tion. If a configuration did not obey this restriction, then two
consecutive segments could be on the same sequence and
then they would be one segment, not two. S(», k) and C(=,
k) obey very similar recursions:

S(n, k) = kS(n — 1, k) + S(n — 1, k — 1),

S(n, m) = S(n, 1) = 1,
Cm ) =(k—1)Cn— 1,8 + Cn—1,k—1),

Cln, m) = C(n, 2) = L.

From these recursions it is seen that C(n + 1, k + 1) =
S(n, k), i.e., the number of ways to distribute (n + 1) segments

sequence numbering of
segments from left to right:
1 2
f coalescence
1 2 3 2
* recombination
1 2 1
+ coalescence
1 2 3
+ recombination
1 2
+ recombination
1

FIGURE 2.—8equence numbering of segments. An example
of the evolution of the distribution of material ancestral to a
sequence. The first event (going back in time) is a recombina-
tion implying that just before this event material ancestral
to the present sequence was located on two sequences, one
sequence having trapped material. The amount of ancestral
material remains constant.

on (k + 1) sequences is the same as the number of ways to
partition 7 labeled elements into k sets.

RESULTS

In this section both results derived analytically as well
as results obtained by simulations will be presented.
These fall in two groups. The first group consists of
results related to the sample of ancestor sequences, e.g.,
the number of segments of ancestral material and num-
ber of ancestor sequences. The second group of results
is related to the structure of a single ancestor, e.g.,
length of ancestral material and number of segments
on a single ancestor.

The coalescent process with recombination is a Mar-
kov process with state space given by all possible con-
figurations of ancestral material and the multiplicity of
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sequences of each configuration. A strict mathematical
formulation of the state space can be found in GRIF-
FITHS and MARJORAM (1996). Only results concerning
the equilibrium distribution of the Markov chain will
be presented and henceforth Pwill refer to this distribu-
tion.

No closed expression for the equilibrium distribution
has been found and hence other approaches are re-
quired. The coalescent process with recombination can
be embedded in a birth and death process with rates
iy = k(k—1)/2and kR, k =1, 2, ..., stressing once
again that a steady state will be reached. The birth and
death process ignores the fact that recombination
events outside ancestral and trapped material will have
no effect on the history of the sample. Trapped material
is a segment located between two segments of ancestral
material on a sequence (Figure 2).

The approach used here is to study the process
through the distributional behavior of two, three and
four points in the ancestral material. This limits the
results to results on moments.

Define by A, t = 0, the sequence number at the point
t (Figure 2), and let N, be defined by N, = 1 iff
lim.o(A,-e — Aire) # 0 and N, = 0 otherwise, i.e, N, =
1 iff ¢ is a recombination point. Since the distribution
of ancestral material in any interval of finite length is
translation invariant, the process {N,| ¢ = 0} is a station-
ary point process, whereas {4,/ ¢ = 0} is neither station-
ary nor a point process, since the value of A, depends
onall A, 0 =s=1t

Let [0, R] denote a sequence of length R, and let 4
and & be two points in [0, R] with a distance r = |4 —
&| between them. Write A; short for A,. The two points
will be on the same sequence with probability 1/(1 +
7) and on different sequences with probability r/(1 +
7, e,

P(A, = Ag) =1 - P(A #+ A) = (1)

1+ 7
Similarly one obtains for the case of three points # <
L < t3in [0, R] and distances r, = 6 — hand = 4
— & (Figure 3):

i 717
P(A, = 4y = 45) = ,
h=d=4) =00 +m K
] nr

P4, = A; # A5) = T+n)(1+nm Kmnmn’

n nrn

A+m)1+m Kmnn

P(A) # Ay = A;) = » (2)
nn(2 +n + n)

P(A, = As + Ag) = K(r, 1)
1, 12

’

”'17'2(2 +n + 72)
QA+ +B8+n+mn)’

PA; + A, i+ j) =

Bl O——0O0—O B4 O——O

B2 O—O———

B3 O—
—0—o0

FIGURE 3.—The five different locations of three points. B1,
Al = A2 = Ag,; B2, Al = Ag * Ag; BS, A1 +* A2 = Ag; B4, Al =
Ag * Ag, BB, Ai +* Aj, i+ J

where
K(T], 72) = (1 + Tl)(l + T2)(1 +n + 72)(3 + n + Tg).

Both (1) and (2) can be obtained from two- and
three-locus theory. For more than three points closed
expressions are long and hard to derive even in special
cases using programs like Maple V (CHAR et al. 1991).
In the case of four points a single expression is required.
Assume 4 < & < §3 < t; and that the distance n, between
4 and & equals the distance between ¢ and 4. Let % be
the distance between & and #. For small values of n

P(A, # Ag, As # Ay)
=7‘{’(1+

27 + 10 + 9 )
(27 + 13 + DB + n)(1 + n)

+0(). (3)

In the sequel (1), (2) and (3) will be used several
times to derive quantities related to the coalescent with

recombination.
Pute, = 27" n € N, and define X,, and Z,, i € N by

Xin = Vagnye2a,) a0d Zip = lipg=n, )

The distributions of X, and Z, are found using (1).
The number of segments Sz in [0, R] can be defined
through the X,’s:
Rﬂ
Sg=1+1lm Y, X,

" i=1

with R, = 2"R, and similarly the length Ly of all ancestral
material in [0, R] located on the sequence containing
the point ¢ = 0 can be defined through the Z,’s:
Rﬂ
Lp=lime, Y, Z,

noe i=1

The above expression of Sg, (1) and (3) fairly easily
lead to the following proposition:
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FIGURE 4.—Moments of the number of ancestor sequences
Cr The sequence length varies from 1000 to 20,000, and the
number of simulations performed was 100. & denotes the
mean value, and +, the value of the variance. There is no
theoretical justification for the choice of curve; this is only
meant to show the order of magnitude. The curve fitted to
the mean values is f{x)} = 1.28x/log(1 + x) [1.28 is the third
term in the expression of K (Proposition 1)].

Proposition 1: The mean and the variance of the number
of segments Sg in [0, R] are given by

ESp) =1+ R
V(Sx) = (1 + KR + O(log(1 + R)),
with K defined by

_s i 51 _1(E> ~
K =7%log(2) — 4log(3) + o7 coth o7 0.993.

Proof: See APPENDIX A. d

The linear bound on V(Sg) in R implies by the Mar-
kov inequality that the number of segments will tend
to infinity with probability one as R becomes large.

In contrast to the above it is difficult to evaluate the
number of sequences Cy carrying ancestral material.
This number is given by Cz = max,<z A, hence it de-
pends possibly on all values of A, which makes it impos-
sible to come up with an expression of E(Cg) based on
quantities related to two, three and four points. Thus
the mean and variance of Cgwas simulated for different
values of R (Figure 4), and in Figure 5 the number C,
is compared to the actual observed sequence number
in the sequence end point ¢ = R.

From Figure 4 it is seen that the increase in number
of sequences as the length of the sequence increases
one unit is of order 1/log(R), hence the number of
sequences grows slowly with length.

The variance of Cpis less than the mean. Intuitively,
the difference in dispersion between the number of
segments and the number of sequences can be ex-
plained with reference to possible fluctuations in these
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FIGURE 5.—Actual sequence number A vs. the total num-
ber of sequences Cp. The actual sequence number is the se-
quence number at the endpoint of the sequence, i.e., the
value of A,in the point ¢ = R. One hundred simulations were
performed with sequence length varying from 1000 to 20,000.
+ denotes the mean number of sequences, and ¢ denotes
the mean of the actual sequence number. The actual number
is between 10-15% less than the total, which shows that a
return to sequences with small sequence numbers rarely oc-
curs.

numbers. The number of segments is subject to higher
fluctuations than the number of sequences, since a sin-
gle coalescent event can reduce the number of seg-
ments by any number, even zero (Figure 1), whereas a
recombination event will create one new segment, if
the recombination happens with ancestral material,
and zero new segments, if it happens within trapped
material. The number of sequences will either be de-
creased by one (coalescent event), or increased by one
(recombination event), and thus subject to less fluctua-
tions.

Proposition 2: The mean and the variance of the length Lg
of all ancestral material in [0, R] located on the sequence
containing the point t = 0 are given by

E(L = log(1 + R),
V(Lg) = (log(1 + R)) + O(log(1 + R)).

Proof- See APPENDIX A. O

The mean value of Ly suggests that the number of
ancestral sequences Cp is not less than R/log(l + R)
(length of ancestral material divided by mean length of
L that probably is larger than mean length of ancestral
material on other ancestor sequences) and this order
of magnitude is in fact confirmed in Figure 4.

Note that doubling the sequence length only in-
creases the mean length by =~ log(2), which is <1. Since
mean segment length is 1 (Proposition 5 below), the
chance is low of a segment on sequence 1 in the interval
[R, 2R]. Moreover Proposition 3 can be interpreted in
the following sense. If there is a segment there will be






