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ABSTRACT

The statistical properties of the process describing the genealogical history of a random sample of
genes at a selectively neutral locus which is linked to a locus at which natural selection operates are
investigated. It is found that the equations describing this process are simple modifications of the
equations describing the process assuming that the two loci are completely linked. Thus, the statistical
properties of the genealogical process for a random sample at a neutral locus linked to a locus with
selection follow from the results obtained for the selected locus. Sequence data from the alcohol
dehydrogenase (Adh) region of Drosophila melanogaster are examined and compared to predictions
based on the theory. It is found that the spatial distribution of nucleotide differences between Fast
and Slow alleles of Adh is very similar to the spatial distribution predicted if balancing selection
operates to maintain the allozyme variation at the Adh locus. The spatial distribution of nucleotide
differences between different Slow alleles of Adh do not match the predictions of this simple model

very well.

N a companion study, KAPLAN, DARDEN and HUD-
SON (1988) described the process of the genea-
logical history of a random sample of genes at a locus
which is not selectively neutral. They showed that this
process has a relatively simple representation and they
developed methods for calculating the moments of
such quantities as 7', the sum of the lengths of the
branches of the ancestral tree.

The purpose of this paper is to study the distribu-
tion of the coalescent process for a random sample of
genes at a selectively neutral locus which is linked to
a locus which is not selectively neutral. If the two loci
are completely linked, then the genealogical history
of the neutral locus is the same as that of the selected
locus and so the results of the companion study apply.
On the other hand, if the two loci are completely
unlinked, then the distribution of the coalescent pro-
cess for the neutral locus is unaffected by the selected
locus. In the THEORY section the distribution of the
coalescent process for the neutral locus is determined
for arbitrary rates of recombination.

The coalescent process for a sample of genes at two
selectively neutral loci which are linked to a selected
locus is also investigated. This distribution is needed
to calculate such quantities as the variance of the
number of segregating sites at m (m = 1) selectively
neutral loci which are linked to a selected locus.

As an application, we consider the sequence data of
KREITMAN (1983) which encompasses the Adh locus
of Drosophila melanogaster. Several studies of variation
at this locus suggest the presence of a balanced poly-
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morphism at the Adh locus (e.g., OAKSHOTT et al.
1982; KREITMAN and AGUADE 1986; HuDSON, KREIT-
MAN and AGUADE 1987). This possibility is examined
in light of the results in this paper.

THEORY

The coalescent process for a selectively neutral m-
loci model with recombination has been studied by
Hupson (1983) and KaPLAN and HubsoN (1985). The
genealogy for m linked loci is a collection of m cor-
related ancestral trees. For finite rates of recombina-
tion the topologies and the lengths of the branches of
different ancestral trees are correlated because of
linkage. In the neutral case, HUDSON (1983) described
the structure of this more complicated coalescent
process and showed how to simulate it. KAPLAN and
HupsoN (1985) extended HUDSON’s work and estab-
lished recursive equations for calculating the moments
of the number of segregating sites at the m linked
loci.

In this section we study the coalescent processes for
one and two selectively neutral loci which are linked
to a locus which is not selectively neutral. These two
cases are necessary to calculate such quantities as the
mean and variance of the number of selectively neu-
tral segregating sites.

We begin the analysis by considering one neutral
locus. It is assumed that at the selected locus, A, there
are two alleles, A; and A,. The neutral locus is denoted
by B. For generation ¢, X1,(t), X12(t) and Xa(t) repre-
sent the frequencies of A;4;, A1Az and AzA; diploids,
respectively, in a population of size N. The frequency
of the A, allele in generation ¢ is denoted by X(¢). It is
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FIGURE 1.—The life cycle.

assumed that the population has achieved stationarity
and so the current generation from which the sample
is taken is denoted as the Oth generation. The time
parameter ¢ thus takes on both positive and negative
values, where negative generation times denote an-
cestral generations and positive generation times fu-
ture generations.

Each generation the daughter population is ob-
tained by random sampling with replacement after
mutation, recombination and selection have occurred.
The life cycle of the process is shown in Figure 1. The
fitnesses of the three genotypes A1A,, A1As and AsA»
are wy, w12 and wgy, respectively, and the mean fitness
is denoted by w(t). The rates of mutation at the
selected locus, A, are u (A, to Ag) and v (A to A;) and
the rate of recombination between the A and B locus
is 7. It is assumed that

1
Wi = Wi = wee = 1 +O<N>,

=B 1 B 1
““2N+O<N“‘>’ v—2N+O<N2>

and

where 8; >0, 8s>0and R > 0.

We now consider the structure of the coalescent
process for a sample of genes at the neutral B locus.
Since the ancestral genes of the sample are linked to
either an A, or Ay allele, the coalescent process is two
dimensional. If » genes are chosen at random from
the Oth generation, then we let Q(0) = (i, j) if ¢ of the
sampled genes are linked to an A, allele and j to an
Az allele, 0 <i,j=n,i+j=n. Fort<0, Q(t) denotes
the numbers of ancestral genes linked to A, and A,
alleles in generation ¢.

By its very definition the Q process is a jump process.
We define T, T, . . . to be the number of generations
between successive jumps and Zi, Zs, . . . the successive
random states to which the process moves. The Q
process can therefore be represented as

Q(t)=_fQ(0) if |t <T,
|z if Si=|t| = Sk+ Tin

where $i=3% T, k= 1.
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FIGURE 2.—A realization of the coalescent process for a sample
of size four, At generation zero (the present) the Q process is at
state (2, 2), i.e., two of the B genes are linked to A; alleles and two
are linked to A; alleles. The first change of state, as one follows the
process back in time, is at time =T (i.e., T, generations before
present), at which time the Q process moves to state (1, 3). This
change of state is the result of the mutation of an ancestral A; allele
to an A, allele and is indicated by a v in the figure. At time —(7 +
Ty) and time —(T; + Ty + Ts) common ancestors of genes linked to
Ay alleles occur, and so the Q process moves to (1, 2) and then to
(1, 1). At ime —(T'\ + T2 + Ts + T,) the Q process moves to (2, 0)
as a result of a recombination event in which an ancestral A\ B parent
produces an AsB offspring. And finally, at time —(7h + Ty + T5 +
T4 + Ts), the most recent common ancestor of the sample at locus
B occurs, i.e., the Q process moves to (1, 0).

Since the number of ancestral genes does not in-
crease as one goes back in time, the Q) process even-
tually reaches either of the two states (1, 0) or (0, 1),
i.e., there is a single ancestor of the sample at the B
locus and it is linked to an A, allele or an A, allele.
The ancestral generation in which this first occurs is
that generation which has the most recent common
ancestor of the sample at the B locus. An example of
a realization of the coalescent process is shown in
Figure 2.

The joint distribution of the {T} and {Z} can be
computed using the arguments of the preceding pa-
per. The only difference is in the calculation of the
quantity fAj(Ai,t) which in this paper denotes the
probability that a randomly chosen gene at locus B
from generation ¢ is linked to an A; allele and its
parental gene from generation ¢ — 1 is linked to an 4;
allele, 1 =< i, j < 2. For the life cycle in Figure 1,
standard population genetic arguments can be used
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Thus, all the formulas of KAPLAN, DARDEN and HuD-
sON (1988) apply providing that 8, and 8; are replaced
by

Bi(x) =B + R(1 —x) and Ba(x) = B2 + Rx. (1)

The coalescent process for a random sample at the
neutral B locus thus behaves much like the coalescent
process for a random sample at the selected locus and
so the conclusions of the preceding paper apply. For
example, if the frequency of A, is maintained by
selection at xo, i.e., the allelic frequencies are tightly
regulated, then the mean and the variance of T for

the selectively neutral B locus are different from their
neutral values only if both 8,(xo) and B2(xo) are small.
(See Table 1 of KAPLAN, DARDEN and HUDSON 1988.)
Since Bi(xo) is greater than R(1 — xo) and Ba(xo) is
greater than Rxo, the mean and the variance of T will
therefore look neutral if R is greater than, say, two.
The distribution of T can also be calculated when the
allelic frequencies are not tightly regulated by replac-
ing 8; and B by Bi(x) and By(x) in Equation 20 of
KAPLAN, DARDEN and HuDsoON (1988).

We now consider the coalescent process for two
neutral loci, B and C, which are linked to a selected
locus, A. This process is more complicated than the
previous case, since one now needs to keep track of
whether or not the genes at the B and C loci are
ancestral to the genes at the two loci in the sample.
There are six different types of ancestral chromo-
somes: A1BC, A1B—-, A~C, AsBC, AsB— and Ao—C. The
dash indicates that the gene at that locus is not ances-
tral to the sample. The effect of recombination de-
pends on whether the selected locus, A, lies to the
right of, to the left of, or between the two neutral
loci. For the sake of definiteness, we will assume that
the relative positions of the three loci are ABC, and
the modifications for the other case will be indicated.
The rates of recombination between loci A and B and
A and C are denoted by 74z and rac, respectively. As
before it is assumed that

Rz 1 Ruc 1
TAB =2_N + 0<N—2> and  74c =2—N + O(I—V—Q),

where Rac = Rap = 0.

Despite the increased complexity of the ancestral
history, the same kinds of arguments as before can be
used to show that when time is scaled in units of 2N
generations and the frequencies of the alleles at the A
locus are tightly regulated, the coalescent process
behaves like a Markov jump process (KARLIN and
TavLor 1981). To specify the parameters of this
process we need to introduce some notation. Let Q(?)
= (l,]) where i = (il, ig, i3),j = (jl;j?;jB) and i], i2, ig,
J1, jo and js are the numbers of A;BC, A;B-, A;-C,
A2BC, A2B— and As-C ancestral genes in generation ¢.
When the Q process changes state, each of the com-
ponents of ¢ and j will either increase by 1, decrease
by 1 or remain the same. To simplify the notation
only those components which change will be indi-
cated.

There are three different ways that the coalescent
process can change state: coalescence, mutation and
recombination. A common ancestor can occur only
between ancestral genes which are linked to the same
allele at the A locus, and so there are 8 transitions
resulting from coalescent events. There are 6 transi-
tions which result from mutation events and 10 trans-
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TABLE 1

Possible transitions from (i, j), involving genes linked to the 4,
allele, and their probabilities (up to order 1/N)

Transition Probability

1. Transitions resulting from coalescence for loci configura-
tions ABC, BCA and BAC

(3
G —1) 2

Qng
i2>
(iz—1) 2 L iz
2Nxo 2Nx0
(is
(is—1) 2 L s
QNJC() QNXQ
. iols
b+ 1, ie— 1,4 —
(ll s b2 s 13 1) INxg

2. Transitions resulting from mutation for loci configurations

ABC, BCA and BAC
-1+ i1B2(1 = x0)

2Nxqg

igf2(1 — xo)
2Nxo

isBa (1 = xo)
2Nxq

3. Transitions resulting from recombination for loci configura-
tions ABC and BCA

(a— 1,72+ 1)

(s — 1,js + 1)

G—-1Lhnh+1 11Ras(1 — xo)
2N
(i2—1,jo+ 1) toRap(1 — x0)
2N
(is—1,js+ 1) isRap(1 — x0)
2N
(G ~1,ig+1,j5+1) i1(Rac — Ras)(1 = xo)
2N
i~ 1,5+ 1,5+ 1) i1(Rac — Ras)(1 — xo)
2N

itions which result from recombination. The condi-
tional probabilities (up to order 1/N) of the 12 trans-
itions involving genes linked to the A, allele are given
in Table 1. The conditional probabilities of the other
12 transitions involving genes linked to the A, allele
can be obtained from Table 1 by replacing i by j, 8,
by B2 and xo, the frequency of the A, allele, by 1 — x.

It has already been pointed out that the effect of
recombination is influenced by the relative positions
of the three loci. In Table 2 are given the conditional
probabilities (up to order 1/N) of the 5 transitions
involving genes linked to the A, allele which result
from recombination, assuming the selected locus, A,
lies between the two neutral loci.

For ease of notation let the 24 transitions be labeled
from 1 to 24 in some specified order. Also, the con-
ditional probability of the kth transition is denoted by
P/2N, 1 <k < 24. For any i, j let

24 Pk
s

hij=2ph and q,J(k)=— 1 <k < 24.
k=1 hyj

TABLE 2

Possible transitions from (i,f), involving genes linked to the A,
allele, and their probabilities (up to order 1/N): transitions
resulting from recombination for loci configuration BAC

Transition Probability

(e~ 1,jo+ 1) 1oRap(1 —~ x0)
2N

isRac(l ~ Xo)
2N

11 Ra(1 — xo)
2N

ilRAc(l - Xo)
2N

1u(Ras + Rac)xo
2N

(is—1,j5—1)
(i] "1,i3+ 1,j2+ 1)
(=1, +1,js+1)

=152+ 1,3+1)

Finally, we are in a position to give the parameters
of the Markov jump process. Indeed, the holding time
in state (i, j) has a negative exponential distribution
with parameter 4; and when a jump does occur, the
probability that it is the kth transition equals g;(k), 1
=k =24

Let Tp and T denote the sum of the lengths (meas-
ured in units of 2N generations) of the branches of
the ancestral trees for locus B and C, respectively. The
mean and variance of T4 and T can be calculated
using the recursive equations of KAPLAN, DARDEN and
HubpsoN (1988). To compute the expectation of such
quantities as TpT¢ and ¢ Ts*cT2 g, 0, 6. > 0, we
need to use the coalescent process for two loci. The
expectation of TsT¢is needed to compute the variance
of the number of segregating sites at the two loci. If
0 = 4Nug and 0c = 4Nuc, where pg and pc are the
neutral mutation rates at the B and C locus, respec-
tively, then the expectation of ¢”®7#+%79/2 js the prob-
ability that there are no segregating sites at either of
the two loci. This expectation is required for some of
the calculations of the next section.

For any ¢, j let

My, j) = E(Ts| Q0) = (i, 7)),

Mcli, j) = E(Te|Q(0) = G, ), @

Mzc(i, j) = E(TsTc|Q(0) = (i, j)),

Hpc(i, j) = E(e” @ %12 | Q(0) = (i, §))
and

ig =1 +is + 1 + o, ic=u+is+j1 +Js.

It follows from the Markov structure of the coalescent
process that

%56 v B <<z'BMc<zo + icMB(zl)>
ki ki

Mpgc(i, j) =

+ Mp(Z1) | Q0) = (i, j)) ®3)
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and

2hyE(Hpc(Z1) | Q(0) = (i, j))
isfp + ichc + 2hy

Hcli, j) = NS
where the distribution of Z, is given by the {g;(k), 1 =
k = 24}

AN APPLICATION

Recent studies of polymorphism at the alcohol de-
hydrogenase (Adh) locus of Drosophila melanogaster
have suggested that natural selection maintains varia-
tion at this locus (e.g., OAKESHOTT et al. 1982; KREIT-
MAN and AGUADE 1986). HupsoN, KREITMAN and
AGUADE (1987) have shown that the levels of poly-
morphism within D. melanogaster and the amount of
divergence between D. melanogaster and Drosophila
sechelia at the Adh locus and a flanking region are not
compatible with an equilibrium neutral model of mo-
lecular evolution. They suggested that balancing se-
lection acting on the Fast/Slow electrophoretic poly-
morphism (at codon 192) of the Adk gene might
account for the high observed level of polymorphism
of silent sites in the coding region. With the theory
presented in the previous section we can begin to
examine this hypothesis. Using the Adh sequence data
of KREITMAN (1983) we can compare the observed
level of variation at different points along the se-
quence to the level predicted by a model with balanc-
ing selection operating on the Fast/Slow polymor-
phism of the Adk gene.

The data of KREITMAN (1983) consists of the se-
quences of 11 cloned D. melanogaster Adh genes. In
this sample of eleven sequences, 43 polymorphic nu-
cleotide sites were observed, only one of which results
in an amino-acid polymorphism. That amino acid
polymorphism is responsible for the electrophoretic
variants, Fast and Slow, commonly found in D. mel-
anogaster populations. Six of the 11 sequences code
for the Slow variant and will be referred to as Slow
sequences. The other five sequences will be referred
to as Fast sequences.

The goal of this section is to address the following
questions: (1) If the Fast/Slow polymorphism of Adh
is a balanced polymorphism such as that considered
in the THEORY section, then what spatial distribution
of neutral variation is expected in this region of the
genome? and (2) How does the actual spatial distri-
bution of variation in the Adh region compare with
the theoretical prediction? To examine the spatial
distribution of the polymorphic sites, a “sliding win-
dow” method is used. That is, at each nucleotide site,
the amount of variation expected and observed is
calculated for a small window centered on the nucleo-
tide site.

Three different quantities were calculated to char-
acterize the variability in a window at each nucleotide
site. These were wrs(k), the average number of pair-

wise differences between Fast and Slow sequences in
the window centered on nucleotide k, wss(k), the av-
erage number of pairwise differences between Slow
sequences in the window centered on nucleotide &,
and wrr(k), the average number of pairwise differ-
ences between Fast sequences in the window centered
on nucleotide k. Numbering the sequences from 1 to
11 and letting d;;(k) denote the number of nucleotide
differences between sequence ¢ and sequence j in the
window centered on nucleotide £, the three measures
of variability can be written as follows:

WFS(k) - nrns iel-‘zjes dij(k),
Wss(k) = ns(ns — 1) #]EES dij(k),
and
‘R'FF(k) = 2 dij(k)» (5)

nF(nF - 1) i#jEF

where nr and ns are the number of Fast sequences
and Slow sequences, respectively, and F and S denote
the set of Fast sequences and Slow sequences, respec-
tively.

Since the region sequenced contains protein coding
sequences as well as introns and other noncoding
sequences, the level of constraint presumably varies
considerably. To take at least partial account of the
different levels of constraints in these regions, the size
of the window was varied so as to keep the number of
possible silent changes in the window constant. At
noncoding sites and intron sites all changes are consid-
ered silent, and in the coding region a silent change
is a change which does not affect the amino acid
sequence. [This is equivalent to adjusting the window
size so that the window contains a constant “effective”
number of silent sites, as defined by KREITMAN
(1983).]

In Figures 3, 4 and 5 the observed values of wrs(k),
wss(k) and wrp(k) are plotted as a function of & for the
Adh sequence data using a window size of 150 possible
silent nucleotide changes. This window size corre-
sponds to 50 base pairs in noncoding regions. Three
interesting features of the data are the rather low
values of wrr(k) in the coding region of the gene, and
the the very high levels of wrs(k) in a small region
encompassing the Fast/Slow polymorphism, and a
somewhat smaller peak in values of wss(k) in the same
region.

If each nucleotide site is treated as an individual
locus and if it is assumed that the allelic frequencies
at position 2 of codon 192 are maintained by strong
balancing selection, then the theory of the previous
section can be used to calculate the expectation and
variance of wpr(k), wrs(k) and wss(k). These calcula-
tions require that values be assigned to the parame-
ters, 31, B2, xo. For each nucleotide site, we also require






